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Introduction

Le but de cette thèse est d’étudier quelques aspects importants de “l’ensemble sin-
gulier topologique” des applications dans un espace fonctionnel donné. Cet objet, qu’il
reste encore à définir sans ambigüıté pour certaines catégories de ces applications, est
l’obstruction qui caractérise la non-approximabilité d’une application dans cet espace par
les applications régulières. Ces singularités topologiques et leurs caractéristiques sont à
la base de divers résultats intéressants sur des applications harmoniques à valeurs dans
les sphères ou sur la densité (forte ou faible) des applications régulières dans les espaces
fonctionnels. Elles sont devenues un sujet d’étude à part entière avec des questions impor-
tantes à résoudre, reliant des domaines différents comme l’analyse fonctionnelle, la théorie
de la mesure géométrique, la topologie et la géométrie.

Ici, nous nous limiterons aux espaces de Sobolev entre les variétés, mais faisons la
remarque que les mêmes problèmes méritent d’être posés pour n’importe quel espace
fonctionnel. Considérons deux variétés riemanniennes compactes M et N de dimensions
respectives n et k, telles que N soit sans bord et isométriquement plongée dans un espace
euclidien RN . Pour p ≥ 1, l’espace de Sobolev W 1,p(M,N) est défini par

W 1,p(M,N) := {u ∈ W 1,p(M,RN); u(x) ∈ N p.p. dans M }
Cet espace hérite des topologies faible et forte de l’espace de Sobolev W 1,p(M,RN) et
est fermé par rapport à la convergence des suites dans ces topologies. La fonctionnelle
d’énergie Ep(u) :=

∫
M
|∇u|p est appelée la p-énergie et pour p = 2, la 2-énergie est

tout simplement l’énergie de Dirichlet E(u) :=
∫
M
|∇u|2. Aussi, pour une application

ϕ ∈ C∞(∂M,N), on pose :

W 1,p
ϕ (M,N) := {u ∈ W 1,p(M,N); u|∂M = ϕ }.

Pour les définitions concernant la théorie de la mesure géométrique, le lecteur pourra
se référer à [16] ou à [28]. Mais notons bien que par un courant rectifiable (respectivement
normal), nous entendons un courant de multiplicité entière (respectivement réelle) et de
masse finie.

Les applications harmoniques à valeurs dans S2

Pour commencer, considérons un problème variationnel qui nous amène, d’une ma-
nière naturelle, aux problèmes reliés aux singularités topologiques.
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12 INTRODUCTION

Considérons l’espace de Sobolev H1(Ω, S2), où Ω est un ouvert de Rn, n ≥ 3, à bord
régulier, et S2 est la sphère de dimension 2 munie de la métrique standard. u : Ω → S2 est
une application faiblement harmonique si elle est le point critique de l’énergie de Dirichlet,
c’est-à-dire si

d

dt
E

(
u+ tv

|u+ tv|

)

|t=0

= 0 pour tout v ∈ C∞
c (Ω,R3) .

En d’autres termes, u est faiblement harmonique si et seulement si elle satisfait cette
équation au sens des distributions :





−∆u = u|∇u|2 dans Ω

u(x) ∈ S2 p.p.
(0.1)

Supposons que ϕ ∈ C∞(∂Ω, S2) est prolongeable en une application régulière sur Ω.
Evidemment, l’existence d’une extension faiblement harmonique sur Ω de ϕ à valeurs dans
S2 peut être déduite des méthodes variationnelles de base. Mais les questions concernant
la régularité et la multiplicité de ces extensions n’ont pas les même réponses que dans les
cas classiques, c’est-à-dire quand la variété d’arrivée est un espace euclidien.

La régularité des extensions harmoniques dans H1
ϕ(Ω, S

2)

La question de l’existence des extensions harmoniques régulières pour ϕ dans S2 est
encore ouverte. On peut croire pouvoir répondre à cette question en démontrant la régu-
larité des minimisants de l’énergie de Dirichlet sur H1

ϕ(Ω, S
2), mais si on pose

µϕ := inf
H1

ϕ(Ω,S
2)
E(u) ≤ inf

C∞

ϕ (Ω,S2)
E(u) =: µ̄ϕ ,

l’inégalité stricte

µϕ < µ̄ϕ

sera vraie pour certaines valeurs au bord quand Ω = B3 est le disque de dimension 3 (Voir
[22]). Alors, les minimisants de E ne sont pas réguliers et il faudrait chercher d’autres
applications harmoniques comme candidates potentielles pour une solution régulière. Ce-
pendant, R.Schoen and K.Uhlenbeck ([36]) ont démontré que ces minimisants sont régu-
liers en dehors d’un ensemble fini de points singuliers.

Pour répondre à cette question, une autre énergie surH1(Ω, S2) a été étudiée. L’énergie
relaxée est la plus grande fonctionnelle définie sur H1(Ω, S2) qui est en dessous de E sur
les applications régulières et de plus est semi-continue inférieurement par rapport à la
topologie faible.
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Définition 1 L’énergie relaxée F sur H1
ϕ(Ω, S

2) est définie par

F(u) := inf
{
lim inf
n→∞

E(un) ; un ∈ C∞
ϕ (Ω, S2) , un ⇀ u

}
. (0.2)

Comme les applications régulières qui prennent ϕ comme valeur au bord sont faible-
ment denses dans H1

ϕ(Ω, S
2) (Voir [2]), F est bien définie. De plus, F est semi-continue

inférieurement par rapport à la topologie faible et on a

inf
H1

ϕ(Ω,S
2)
F = inf

C∞
ϕ (Ω,S2)

E . (0.3)

Cela montre l’importance des énergies relaxées. Comme les minimisants de F sont at-
teints, la question consiste à voir si un minimisant de F est faiblement harmonique et
dans quelle mesure il est régulier.

En accord avec cette perspective, F.Bethuel, H.Brezis, J.M. Coron et E.Lieb (Voir [5]
et [10]) ont démontré que, pour n = 3, l’énergie relaxée prend cette forme algébrique
intéressante :

F(u) = F (u) := E(u) + 8πL(u) (0.4)

où

L(u) :=
1

4π
sup

ψ : Ω → R

|dψ|∞ ≤ 1

{∫

Ω

u∗ωV ∧ dψ −
∫

∂Ω

ϕ∗ωV ∧ ψ
}

(0.5)

et ωV est la forme volume de S2 (ou peut-être remplacée par n’importe quelle 2-forme ω,∫
S2 ω = 4π). Comme conséquence, les points critiques de F sont faiblement harmoniques.

Pour avoir une idée de L(u), il faut considérer une application u ∈ H1(Ω, S2) qui est
régulière en dehors d’un nombre fini de points {p1, . . . , pm}, et qui a le degré topologique
di au point pi. Dans ce cas L(u) est la longueur minimale des segments connectant ces
singularités en accord avec leurs multiplicités (Voir [10]). En d’autres termes,

L(u) := mi(

m∑

i=1

di[[pi]],Ω),

quand mi(S,Ω), pour S un courant rectifiable de dimension 0, est défini par

mi(S,Ω) := inf
{
M(T) ; T ∈ R1(R

3), sptT ⊂ Ω , ∂T = S
}
.

Dans le premier chapitre de cette thèse, on essaie de montrer comment la généralisation
de cette démarche rencontre des obstacles pour les dimensions supérieures. Suivant les
mêmes pas, on peut bien définir L(u) pour toute application u ∈ H1

ϕ(Ω, S
2), Ω ⊂ Rn,

utilisant ω, une forme différentielle quelconque sur S2 qui satisfait
∫
Ω
ω = 1 :

L(u) := sup
ψ ∈ Ωn−3(Ω)
|dψ|∞ ≤ 1

{∫

Ω

u∗ω ∧ dψ −
∫

∂Ω

ϕ∗ω ∧ ψ
}
. (0.6)
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L(u), indépendant du choix de ω, sera toujours continu sur H1(Ω, S2) par rapport à la
topologie forte. Aussi, la fonctionnelle définie par

F (u) := E(u) + 8πL(u) (0.7)

est semi-continue inférieurement. Mais nous démontrerons que contrairement au cas 3-
dimensionnel, on a le théorème suivant.

Théorème 1 (I.1) Considérons un domaine Ω ⊂ R
4 et une application ϕ ∈ C∞(∂Ω, S2)

qui est prolongeable à une application régulière de Ω dans S2. Alors, il existe une appli-
cation u ∈ H1

ϕ(Ω, S
2) telle que

F (u) < F(u).

En outre, on peut construire un domaine Ω ⊂ R4 et ϕ ∈ C∞(∂Ω, S2), régulièrement
prolongeable sur Ω, tels que l’on a ce phénomène du “gap” :

inf
H1

ϕ(Ω,S
2)
E < inf

H1
ϕ(Ω,S

2)
F < inf

C∞
ϕ (Ω,S2)

E

La différence des deux situations est due à la valeur que L(u) représente. Considérons
une application u ∈ H1

ϕ(Ω, S
2) régulière en dehors d’une union finie de sous-variétés de

Ω de dimension n − 3 : {σ1, . . . , σm} (Dans ce cas, on dit que u ∈ R∞
ϕ (Ω, S2)). On peut

associer à σi le degré topologique de u restreinte à une sphère de dimension 2, centrée en
un point quelconque de σi et contenue dans le plan orthogonal à σi en ce point. On définit
alors la singularité topologique d’une telle application comme un courant rectifiable,

Su :=
m∑

i=1

di[[σi]]. (0.8)

On constatera que dans ce cas

L(u) = sup
|dψ|∞ ≤ 1
sptψ ⊂ Ω

∫

Su

ψ ≤ sup
‖dψ‖∗∞ ≤ 1
sptψ ⊂ Ω

∫

Su

ψ = mr(Su,Ω), (0.9)

quand ‖ · ‖∗ est la norme co-masse des formes différentielles et

mr(Su,Ω) := inf
{
M(T) ; T ∈ Dn−2(R

n) , ∂T = Su, sptT ⊂ Ω
}

est la masse minimale des courants normaux (ou à coefficients réels) dans Ω au bord égal
à Su.

Cependant l’énergie nécessaire pour enlever les singularités de u et l’approcher fai-
blement par les applications régulières (ce qui est nécessaire pour avoir une estimation
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de F(u)) est toujours au moins proportionnelle à mi(Su,Ω), la masse minimale des cou-
rants rectifiables qui prennent Su comme leur bord (Voir la proposition 1 plus loin). Mais,
contrairement aux apparences, la relation

mr(S,Ω) = mi(S,Ω)

n’est vraie pour tous les courants rectifiable S ∈ Rk(Ω) que si S est de dimension k = 0
ou n − 2. Ce qui était le cas pour Su quand n = 3 mais ne l’est plus pour n > 3 ! En
particulier pour n = 4, il existe des courbes Γ ⊂ R4 pour lesquelles

mr([[Γ]]) ≤
1

2
mi(2[[Γ]]) < mi([[Γ]]).

Ce phénomène a été constaté pour la première fois par L.C.Young (Voir [42]). F.Morgan
([27]) et B.White ([37]) ont donné d’autres exemples de telles courbes dansR4. Considérant
(0.9) et la définition de F , on constate alors l’origine des faits exposés dans le théorème 1.

Remarque 1 On a toujours la relation

sup
‖dψ‖∗∞ ≤ 1
sptψ ⊂ Ω

∫

S

ψ = mr(S,Ω)

qui est due au fait que pour un courant minimal réel, il existe toujours une calibration
(Pour les références voir chapitre I ).

Les singularités topologiques et l’énergie relaxée

La question qui se pose alors est de trouver la formule équivalente de (0.4) pour
l’énergie relaxée quand n > 3. Au vu de (0.9), nous pourrons envisager L(u), pour n = 3,
comme un prolongement continu de mi(Su,Ω)(= mr(Su,Ω)) sur tout H1(Ω, S2). Donc,
pour faire la même démarche pour n > 3, il faut étendre la définition de la singularité
topologique sur l’ensemble de H1(Ω, S2) :

Définition 2 Pour une application u ∈ H1(Ω, S2), Su ∈ Dn−3(Ω), la singularité topolo-
gique “locale” de u, est le courant défini par

Su(α) :=

∫

Ω

u∗ω ∧ dα ∀α ∈ Dn−3(Ω) . (0.10)

Dn−3(Ω) est l’espace des formes différentielles régulières à support compact dans Ω (Voir
[16], Vol I, 2.2.3) et ω est une 2-forme quelconque sur S2 verifiant

∫
S2 ω = 1.

Remarque 2 F.Béthuel, J.M.Coron, F.Demengel et F.Hélein ([6]) ont démontré que
“Su = 0” est la condition nécessaire et suffisante pour que u ∈ H1(Bn, S2) soit approxi-
mable par les applications régulières dans la topologie forte de cet espace. D’où le nom “la
singularité topologique locale ” choisi pour cet objet. F.Hang et F.H.Lin ont récemment
montré que ceci n’est plus le cas quand le domaine M est une variété quelconque. Dans
ce cas, il faudra considérer aussi les obstructions dues à la topologie “globale” de M (Voir
[20]).
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Cette définition cöıncide avec celle donnée pour le sous-ensemble R∞(Ω, S2) dans (0.8)
(Voir [16], vol II, section 5.4.2. Nous fournissons aussi la démonstration complète de ce
fait au deuxième chapitre). On constate que mi(Su,Ω) est défini sur H

1
ϕ(Ω, S

2) tout entier
seulement si Su est le bord d’un courant rectifiable dans Ω. Malgré la simplicité de cet
énoncé, la démonstration n’est pas évidente et nous sommes obligés d’utiliser les méthodes
développées dans [16] pour les courants cartésiens. La difficulté réside dans le fait que la
question de la continuité forte de mi pour n > 3, même sur R∞(Ω, S2), reste encore
ouverte! C’est cela-même qui nous empêche d’identifier la fonctionnelle définie par

F̃ (u) := E(u) + 8πmi(Su,Ω)

à l’énergie relaxée.

Question Ouverte 1 Est-ce que F(u) = F̃ (u)?

Précisément nous allons démontrer cette proposition dans le Chapitre I.

Proposition 1 (I.3.1) Pour tout u ∈ H1
ϕ(Ω, S

2), Su est le bord d’un courant rectifiable.
Comme conséquence

F̃ (u) := E(u) + 8πmi(Su,Ω)

est définie sur H1
ϕ(Ω, S

2) et est semi-continue inférieurement par rapport à la topologie

faible. Aussi les points critiques de F̃ sont faiblement harmoniques. En outre

F̃ ≤ F ∀u ∈ H1
ϕ(Ω, S

2).

Nous reviendrons sur le problème des singularités topologiques pour les applications
à valeurs dans les sphères et leurs caractéristiques dans un cadre plus général.

La mutilpicité des extensions harmoniques dans H1
ϕ(Ω, S

2)

Notre but, dans le deuxième chapitre de cette thèse, est de répondre au problème de la
multiplicité des extensions faiblement harmoniques à valeurs dans S2, pour une application
régulière ϕ : Ω → S2, n =dim Ω > 3. Voici le théorème que nous démontrerons dans ce
chapitre :

Théorème 2 (II.1) Supposons que Ω est un domaine borné et régulier de Rn, n > 3, et
que ϕ : ∂Ω → S2 est une application régulière qui n’est pas constante. Alors il existe une
infinité d’extensions faiblement harmoniques à valeurs dans S2 pour ϕ.

Remarque 3 Ce résultat est indépendant du choix de la métrique sur S2.
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Le cas n = 3 a été traité pour la première fois par R.Hardt, D.Kinderlehrer et F.H.Lin
([21]), qui ont prouvé l’existence d’une infinité d’extensions faiblement harmoniques, pour
H1
ϕ(B

3, S2), où B3 est le disque unité dans R3, et pour une valeur au bord axiallement sy-
métrique. La méthode consiste à construire une application harmonique non-axiallement
symétrique et ensuite obtenir une infinité d’applications faiblement harmoniques ayant la
même donnée au bord, en tournant cette extension autour de l’axe de symétrie.

Une autre méthode, proposée par F.Bethuel, H.Brezis et J.M.Coron (Voir [5]) est
d’utiliser les variantes de l’énergie relaxée F (u), présentée plus haut, à fin de mettre en
évidence de nouvelles applications harmoniques. Ils ont démontré que pour n = 3, si
C∞
ϕ (Ω, S2) 6= ∅ et si on suppose le phénomène du gap suivant :

min
H1

ϕ(Ω,S
2)
E(u) < inf

C∞

ϕ (Ω,S2)
E(u),

il existe une infinité d’extensions faiblement harmoniques de ϕ sur Ω. Avec les mêmes
conditions, T.Isobe a étendu ce résultat pour n ≥ 4, utilisant encore de nouvelles énergies
(Voir [26]).

Finalement, T.Rivière, en démontrant dans [32] “le lemme d’insertion stricte du dipô-
le” (le lemme 1 plus bas pour n = 3) a réussi à prouver que pour Ω, un domaine borné
et régulier de R3, toute donnée au bord non-constante admet toujours un nombre infini
d’extensions harmoniques (Voir [33]).

Considérons alors le problème pour n ≥ 4. Bien que l’énergie F définie dans (0.7)
ne soit pas l’énergie relaxée, on peut l’utiliser pour trouver de nouvelles applications
harmoniques, ce que nous allons exposer dans ce chapitre. Mais la question essentielle
est de généraliser le lemme d’insertion de dipôle aux dimensions supérieures. A première
vue, il semble que pour n > 3, aussi, on serait obligé d’insérer un couple de singularités
(e.g. deux cercles en dimension 4). Mais en fait le dipôle n’est rien d’autre que la sphère
S0 = Sn−3 en 3 dimensions et que la généralisation naturelle du ([32], lemma A.1) se fait
par l’insertion d’une sphère singulière de dimension n− 3. Ce lemme, techniquement plus
compliqué que son équivalent pour le cas 3-dimensionnel, sera l’étape principale à fin de
démontrer le théorème 2 :

Lemme 1 (II.4.1) Supposons que Ω est un domaine borné et régulier de Rn et que u est
une application régulière de Ω dans S2 qui n’est pas constante. Supposons aussi que x0 est
un point de Ω pour lequel ∇u(x0) 6= 0. Alors, pour tout ρ > 0, il existe une application
v ∈ H1(Ω, S2) et 0 < δ < ρ tels que

(i) v = u sur Ω\Bρ(x0)
(ii) Sv = [[σ]]
(iii) E(v) < E(u) + 8πωn−2δ

n−2 = E(u) + 8πL(v, u)
où σ est une sphère de dimension n− 3, centrée en x0 de rayon δ et ωk est le volume du
disque unité de dimension k.
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Les singularités topologiques dans W 1,p(M,Sp)

Au vu des propriétés particulières verifiées par Su, l’ensemble singulier topologique
d’une application quelconque u dans H1(Ω, S2), présenté plus haut, il est intéressant et
naturel de se poser la question de l’extension de l’ensemble singulier topologique Su à
des applications dans W 1,p(M,Sp) où p est un entier quelconque et M est une variété
compacte.

Une application u ∈ W 1,p(Bn, Sp), p < n, est la limite forte des applications régulières
si et seulement si d(u∗ωSp) = 0 au sens des distributions (Voir [6]). S’inspirant de ce fait,
on peut généraliser la définition 2 pour cet espace :

Définition 3 Pour une application u ∈ W 1,p(M,Sp), Su ∈ Dn−p−1(M), la singularité
topologique “locale” de u, est le courant défini par

Su(α) :=

∫

M

u∗ω ∧ dα ∀α ∈ Dn−p−1(M) . (0.11)

Dk(M) est l’espace des k-formes différentielles régulières à support compact dans Ω (Voir
[16], Vol I, 2.2.3) et ω est une p-forme quelconque sur Sp verifiant

∫
Sp ω = 1.

On rappelle que mi(S) (respectivement mr(S)) est la masse du courant minimal rec-
tifiable (respectivement normal) supporté dans M et à bord S. Alors deux questions à
propos des singularités topologiques dans W 1,p(M,Sp) sont encore ouvertes pour presque
toutes les valeurs de p :

Question Ouverte 2 Est-ce que Su est le bord d’un courant rectifiable pour toute appli-
cation u ∈ W 1,p(M,Sp), quand M est une variété sans bord?

Question Ouverte 3 Supposons que la réponse à la question précédente soit positive.
Est-ce que pour toute suite convergente um → u dans W 1,p(M,Sp), mi(Sum) → mi(Su)?

Les courants minimaux normaux et rectifiables

Su est effectivement le bord d’un courant normal et

mr(Sum − Su) → 0

pour toute suite convergente dans W 1,p(M,Sp). On en déduit que si pour tout courant
rectifiable S de dimension n− p− 1 et une constante uniforme C > 0, mi(S) est majorée
par Cmr(S), les deux questions citées plus haut auront des réponses positives. Mais, les
cas p = 1 ou p = n− 1 mis à part, on ne sait pas si cette constante existe :
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Question Ouverte 4 Supposons que k 6= 0, n− 2. Est-ce que la quantité

mi(S)

mr(S)
= sup

l∈N

lmi(S)

mi(lS)
,

prise sur tous les courants rectifiables de dimension k à support dans un ensemble compact
dans Rn, est uniformément majorée par une constante?

Remarque 4 Comme nous l’avons mentioné, l’égalité mi(S) = mr(S) est vraie pour
k = 1 ou n − 2 (Pour les références voir la discussion sur les calibrations au premier
chapitre).

Une interprétation géométrique pour Su

M.Giaquinta, G.Modica et J.Soucek ont présenté une autre définition pour Su qui est
équivalente à la nôtre (Voir [16], vol II, section 5.4.2). Intuitivement, Su serait la partie
horizontale du bord du graphe rectifiable de u, Gu (défini dans [16], vol I), vu comme
un courant cartésien dans M × Sp. Considérant ce point de vue et utilisant les méthodes
concernant les courants cartésiens et l’enveloppe polyconvexe de l’énergie de Dirichlet,
développées dans [16], nous avons réussi à donner une réponse positive à la Question 2
pour p = 2 (Voir chapitre I et la discussion sur l’énergie relaxée plus haut).

Et si Sp est un H-espace ?

Fait singulier, nous avons remarqué qu’on peut répondre à ces deux questions concer-
nant les singularités topologiques des applications dansW 1,p(M,Sp) si Sp est unH-espace,
c’est-à-dire s’il y a une multiplication

κ : Sp × Sp → Sp

telle que l’homéomorphisme correspondant des groupes d’homotopie

κ∗ : πp(S
p)⊕ πp(S

p) → πp(S
p)

soit la somme des éléments de πp(S
p). Les seules sphères satisfaisant ces conditions sont

de dimensions 0, 1, 3 et 7 (Voir [8], section VI.15). Ceci nous donne ce résultat qui sera
démontré dans le troisième chapitre :

Théorème 3 (III.1) Supposons que p = 3 ou 7, p < n = dimM et u ∈ W 1,p(M,Sp),
∂M = ∅. Alors Su est le bord d’un courant rectifiable dans M . En outre, mi(Sum−Su) → 0
si um ∈ W 1,p(M,Sp) converge fortement vers u.
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Une nouvelle perspective pour les singularités topolo-

giques

Dans les derniers chapitres de cette thèse nous essayerons de généraliser la notion de
la singularité topologique pour certaines catégories des espaces de Sobolev W 1,p(Bn, N).
Nous exposerons comment ces efforts nous ont permis de démontrer quelques théorèmes
concernant la densité séquentiellement faible des applications régulières dans ces espaces.
Nous utiliserons essentiellement les projections localement lipschitz de N sur ses [p]-
squelettes, les résultats de F.J.Almgren, W.Browder et E.H.Lieb concernant les images
réciproques pour les applications de Sobolev à valeurs dans les sphères ([1]) et les mé-
thodes d’enlèvement de singularités. Nous rappelons que la singularité topologique devrait
être définie pour identifier l’obstruction qui empêche une application de Sobolev entre M
et N d’être approchée par les applications régulières de M dans N . Les singularités qu’on
considère détectent les obstructions locales de l’approximabilité, donc nous mettrons notre
accent dans le Chapitre IV sur le cas M = Bn, le disque unité de dimension n. F.Hang et
F.H.Lin [20] ont démontré qu’il y a parfois des obstructions “globales” si la topologie de la
variété de départ M n’est pas triviale. Alors il faut être prudent quand on veut considérer
l’espace de Sobolev W 1,p(M,N), M étant une variété régulière et compacte quelconque.

Les châınes à coefficients dans les groupes normés

F.Bethuel et X.Zheng ont démontré que les applications régulières ne sont pas denses
dans l’espace de Sobolev W 1,p(Bn, N), p < n, si π[p](N) 6= 0. Dans ce cas, le mieux qu’on
puisse faire est d’approcher une application u ∈ W 1,p(Bn, N) par les applications qui sont
régulières en dehors d’une union finie de sous-variétés de Bn de dimension n − [p] − 1 :
Σ =

⋃r
i=1Σi (Voir [2]). Ce sous-ensemble d’applications est noté R∞,p(Bn, N). A tout

point x ∈ Σ(v), l’ensemble singulier d’une application v ∈ R∞,p(Bn, N), on peut associer
σx, l’élément de π[p](N) qui est le représentant de la classe d’homotopies de v restreinte
à une sphère de dimension [p], centrée en x et contenue dans un plan orthogonal à Σ
en ce point. Si σx n’est pas trivial, v ne pourra pas être approchée par des applications
régulières de Bn dans N .

Considérons un exemple. Les applications régulières ne sont pas fortement denses dans
W 1,1(B2,RP2) car π1(RP

2) 6= 0. Dans ce cas, v ∈ R∞,1(B2,RP2) est une application qui
est régulière en dehors d’un nombre fini de points de B2 : {p1, . . . , pr}. Si v réalise autour
d’un de ces points l’élément non-nul de π1(RP

2) = Z2, elle ne sera pas dans la fermeture
des applications régulières (on peut construire un tel v). La question est de donner une
méthode de détection des singularités topologiques de v ∈ R∞,1(B2,RP2), ce qui permet-
tra d’étendre la définition pour une application quelconque dans W 1,1(B2,RP2).

La démarche habituelle, utilisant les formes différentielles et proposée par F.Bethuel,
J.M.Coron, F.Demengel et F.Helein dans [6] ne nous aiderai pas car π1(RP

2) n’est pas
sans torsion et les cycles d’homotopie dans RP2 ne sont pas détectés par les 1-formes sur
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cette variété. Pour les mêmes raisons, l’approche de M.Giaquinta, G.Modica et J.Soucek
([16], vol II, section 5.4.2), utilisant les graphes des applications de Sobolev n’est pas
satisfaisante.

L’idée serait alors d’utiliser les “châınes-bémols” (flat chains) à coefficients dans un
groupe abélien normé G, qui sont les généralisations des courants normaux (G = R) ou
rectifiables (G = Z). Cette théorie a été introduite par H.Federer [13] et W.Fleming [15]
et récemment il y a eu des avancées remarquables par B.White ([38] et [39]). On peut
envisager la singularité topologique de v, Sv, comme une 0-châıne à coefficients dans Z2 :

Sv :=

r∑

i=1

σpi[[pi]] (σpi := [v(∂Bδ(pi))]π1(RP2) ∈ Z2).

La question est de comprendre le comportement de Svm pour une suite convergente
vm → u ∈ W 1,1(B2,RP2) et éventuellement de démontrer une convergence des châınes
Svm dans la norme “bémol” (flat) vers une Z2-châıne bémol qui sera appelée la singularité
topologique de u.

Naturellement, considérant ce qui vient d’être dit sur les réalisations des éléments de
π[p](N) par une application v ∈ R∞,p(Bn, N) autour de ces singularités, on peut procé-
der de la même manière pour les applications dans W 1,p(Bn, N), c’est-à-dire définir la
singularité topologique de v ∈ R∞,p(Bn, N) comme une π[p](N)-châıne et étudier le com-
portement de ces châınes pour des suites convergentes vm → u ∈ W 1,p(Bn, N). Il faut
remarquer que ce programme n’est pas approprié pour tous les espaces de Sobolev, comme
le montre l’exemple de W 1,3(B4, S2), traité par R.Hardt et T.Rivière (Voir [24]).

Dans le Chapitre IV, nous allons démontrer ce théorème :

Théorème 4 (IV.1 et IV.1 bis) Supposons que Bn est le disque unité dans Rn et que N
est une variété riemannienne compacte de dimension k ≥ [p], ∂N = ∅. On suppose aussi
que soit [p] = 1 et π1(N) est abélien, soit [p] = 3, 7 ou n − 1 et N est ([p]− 1)-connexe,
i.e.

π1(N) = · · · = π[p]−1(N) = 0.

Alors Su, la singularité topologique de u ∈ W 1,p(Bn, N), est bien définie comme une
π[p](N)-châıne bémol et la norme bémol de Sum − Su tend vers zero si um → u dans
W 1,p(Bn, N). En outre, u est la limite forte des applications dans C∞(Bn, N) si et seule-
ment si Su = 0. Aussi, si u|∂Bn = ϕ est régulière et prolongeable régulièrement sur Bn,
Su est le bord d’une châıne bémol de masse finie (et donc rectifiable) et “Su = 0” serait
la condition nécessaire et suffisante pour que u soit la limite forte des applications dans
C∞
ϕ (Bn, N).

Remarque 5 Considérant W 1,1(B2,RP2), on a ce fait remarquable qu’on peut identifier
Su, pour tout u dans cet espace, à une mesure de Borel à valeurs dans Z2, de variation
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totale finie. Le lecteur pourra se référer à [38] où B.White donne les conditions sur G
pour lesquelles une châıne bémol de masse finie est à support rectifiable.

Quelques autres remarques s’imposent. D’abord, ce qui nous a empêché d’énoncer ce
résultat pour toutes les valeurs de [p] sont les faits qu’on a exposés dans la section précé-
dente, i.e. [p] = 1, 3, 7 et n−1 sont les seules valeurs pour lesquelles la convergence bémol
des singularités topologiques d’une suite convergente dans W 1,[p](Bn, S [p]) (vues commes
des châınes à coefficients dans Z) est bien démontrée. Deuxièmement, on pourrait géné-
raliser ces résultats pour [p] = 3, 7 ou n−1 même si π1(N) 6= 0, sous certaines conditions.
(Voir le théorème 4 au quatrième chapitre et la méthode utilisée pour la démonstration).
Il faut également remarquer que l’on aurait des exemples où N est ([p]− 1)-connexe mais
π[p](N) n’est pas sans torsion, sinon notre résultat serait un cas spécial du théorème dé-
montré dans [6]. Par exemple les variétés de Stiefel, Vk(R

n), sont (n − k − 1)-connexes
pour (n− k) impaire, tandis que πn−k(Vk(R

n)) = Z2 (Voir [25]).

F.Hang et F.H.Lin ont trouvé des exemples où l’absence de l’obstruction locale ne sera
plus suffisante pour qu’une application u ∈ W 1,p(M,N) soit approximable par les appli-
cations régulières. Précisément, il y a une application dans H1(CP2, S2) pour laquelle
d(u∗ω) = 0 mais u n’est pas dans la fermeture forte des applications régulières dans
cet espace. Aussi il y a des applications dans W 1,3(CP3,CP2) qui ne sont pas fortement
approximables par les applications régulières tandis que π3(CP

2) = 0. Les conditions né-
cessaires et suffisantes pour qu’une application de Sobolev entre deux variétés compactes
soit approximable par les applications régulières restent encore inconnues pour le cas gé-
néral.

Finalement, on pose cette question pour laquelle on n’a pas encore une réponse défi-
nitive :

Question Ouverte 5 Comment définir les singularités topologiques pour W 1,1(Bn, N),
quand π1(N) n’est pas abélien? Aussi on peut poser la même question pour les espaces

fonctionnels H
1
2 (M,N).

Nous essayerons de venir à bout des obstacles concernant cette situation dans le Cha-
pitre V quand nous considérerons le problème de la densité faible des applications régu-
lières dans un tel espace et de poser les bases pour une future réponse à cette question.

La densité faible des applications régulières et les connections

Bien que le problème de la convergence bémol des châınes de singularités pour les
suites dans R∞,p(Bn, N) reste ouvert pour le cas général (Voir théorème 4), on peut poser
une question plus faible : est-ce que les normes bémols des châınes Svm sont majorées par
une constante pour une suite fortement convergente vm ∈ R∞,p? Nous allons discuter aussi
de ce problème dans le Chapitre IV, qui est de déterminer s’il y a une borne uniforme
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pour la masse des connections minimales Tm (∂Tm = Svm) quand vm → u.

Cette question est en étroite relation avec le problème de densité séquentiellement
faible des applications régulières dans W 1,p(M,N). Malgré le fait que la densité faible
des applications régulières peut être traitée facilement par celle correspondant à la to-
pologie forte (Voir [2]), la question de la densité de ces applications pour la topolo-
gie séquentiellement faible, pour p entier, est plus compliquée : pour p ∈ N, et u ∈
W 1,p(M,N), on cherche une suite d’applications um ∈ C∞(M,N) telle que um ⇀ u dans
W 1,p. Le cas M = B3, N = S2, p = 2 a été traité par F.Bethuel, H.Brezis, J.M.Coron
et E.Lieb dans [5] et [10]. F.Bethuel avait remarqué que la réponse est positive pour
M = Bn, N = Sp, p ≥ 2 ([3]), en se basant sur l’article de F.J.Almgren, W.Browder et
E.H.Lieb sur la formule de co-aire et les surfaces minimales ([1]). Finalement, P.Hajlasz a
démontré dans [19] que si N est (p− 1)-connexe, toute application dans W 1,p(M,N) sera
la limite faible d’une suite des applications régulières. Remarquez que ce résultat peut
être aussi déduit du travail de F.Bethuel, J.M.Coron, F.Demengel et F.Hélein dans [6]
quand M = Bn et πp(N) est sans torsion.

Comme nous allons voir dans les Chapitres IV et V, la majoration uniforme de la
masse des châınes minimales connectant Svm , pour vm ∈ R∞,p(Bn, N) une suite conver-
gente vers u ∈ W 1,p(Bn, N), nous permet de donner une réponse positive à cette question.
Cette approche est différente de celle de P.Hajlasz, mais peut être utilisée pour démontrer
son théorème et quelques autres résultats partiels. En particulier, la méthode de Hajlasz
n’est pas adaptée pour approcher u ∈ W 1,p

ϕ (Bn, N) dans la topologie faible par une suite
d’applications régulières qui prennent ϕ comme leur donnée au bord (Il ne mentionne pas
ce problème dans [19]). Le cas p = 1, π1(N) non-abélien, est plus compliqué et c’est pour
cela que nous le traitons dans un chapitre indépendant. La raison en est que dans ce cas,
on ne peut pas identifier un élément de π1(N) sans fixer son point de base. Donc définir
les singularités topologiques comme des châınes bémols à coefficients dans π1(N) serait
impossible. Il y a d’autres complications techniques pour ce cas dont on discute dans le
Chapitre V.

Dans les théorèmes 2 bis, 3 bis au chapitre IV et le théorème 1 bis au Chapitre V nous
démontrerons :

Théorème 5 Supposons que Bn est le disque unité dans Rn et que N est une variété
riemannienne compacte de dimension k ≥ [p], ∂N = ∅. On suppose également que soit
[p] = 1, soit N est ([p]− 1)-connexe, i.e.

π1(N) = · · · = π[p]−1(N) = 0.

Alors, si ϕ : ∂Bn → N admet une extension régulière sur Bn, pour toute application
u ∈ W 1,p

ϕ (Bn, N), il existe une suite d’applications régulières um : Bn → N , um|∂Bn = ϕ,
telle que ‖um − u‖Lp → 0 et que ‖um|W 1,p soit majorée par une constante.
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Remarque 6 Naturellement, si p ≥ 2, on peut toujours extraire d’une telle suite une
sous-suite faiblement convergente à u. Mais la question de la densité séquentiellement
faible d’applications régulières dans W 1,1(Bn, N) reste encore ouverte.

On peut étendre les résultats du théorème 5 pour p ≥ 2 au cas où π2(N) est finiement
engendré. Particulièrement pour p = 2

Théorème 6 (IV.4 et IV.4 bis) Si π2(N) est finiement engendré, on a la densité séquen-
tiellement faible de C∞(Bn, N) (resp. C∞

ϕ (Bn, N)) dans H1(Bn, N) (resp. H1
ϕ(B

n, N)).

Le travail récent de F.Hang et F.H.Lin [20] a montré que pour étendre ces résultats
pour le domaine quelconque M avec les mêmes méthodes, il faudra considérer aussi la
topologie globale de M . Nous espérons bientôt exposé les modifications nécessaires pour
que nos démonstrations de la densité séquentiellement faible des applications régulières
dans les espaces de Sobolev soient adaptées à un domaine quelconque.

Remarque 7 On ne peut pas toujours contrôler la masse des connections minimales
pour les suites convergentes dans les espaces de Sobolev. Par exemple, il existe une suite
vm ∈ R∞,3(B4, S2) telle que

inf{M(Tm);Tm est une Z-châıne telle que ∂Tm = Svm} → +∞

quand vm → v dans W 1,3(B4, S2).

Question Ouverte 6 Est-ce que les applications régulières sont denses dans W 1,3(B4, S2)
pour la topologie faible séquentielle? Aussi, en vue du résultat de T.Rivière ([34]) pour

H
1
2 (S2, S1) sur la densité séquentiellement faible des applications régulières, on pose la

même question pour les espaces fonctionnels H
1
2 (Bn, N).

Remarque 8 F.Hang et F.H.Lin ont démontré que les applications régulières ne sont
pas séquentiellement denses dans W 1,3(CP2, S2) en utilisant une obstruction globale (Voir
[20]).

La question de la densité faible séquentielle reste ouverte aussi pour d’autres cas non-
traités dans cette thèse.
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We consider various ways of relaxing the Dirichlet energy of maps into sphere.

1 Introduction

Let Ω ⊂ Rn be a bounded open set with regular boundary and let

H1(Ω, S2) = {u ∈ H1(Ω,R3) ; u(x) ∈ S2 a.e. onΩ}
and

H1
ϕ(Ω, S

2) = {u ∈ H1(Ω, S2) ; u = ϕ on ∂Ω}
where ϕ is a given boundary data. For u ∈ H1

ϕ(Ω, S
2) the Dirichlet energy is given by

E(u) =
∫
Ω
|∇u|2. We assume that ϕ is in C∞(∂Ω, S2) and can be extended into Ω by a

smooth map.
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We say that u is a weakly harmonic map if it is a critical point for the functional E,
i.e. if and only if we have

d

dt
E

(
u+ tv

|u+ tv|

)

|t=0

= 0 for all v ∈ C∞
c (Ω,R3) .

In other words, u is weakly harmonic in the Sobolev space H1(Ω, S2) if it satisfies the
following equation in the sense of distributions :





−∆u = u|∇u|2 in Ω

u(x) ∈ S2 a.e.
(1.1)

Assuming ϕ : ∂Ω → S2 is as above, one of the important problems which is still open
is whether smooth harmonic extensions of ϕ into Ω exist. As a first attempt one may want
to minimize the Dirichlet energy in H1

ϕ(Ω, S
2) and prove the regularity of the solution.

But in fact if we define

µϕ := inf
H1

ϕ(Ω,S
2)
E(u) ≤ inf

C∞
ϕ (Ω,S2)

E(u) =: µ̄ϕ ,

the strict inequality
µϕ < µ̄ϕ

happens sometimes (See [22]). Thus minimizers of E are not necessarily smooth and we
should find other harmonic maps which could be a suitable candidate for a smooth solu-
tion. On the other hand R.Schoen and K.Uhlenbeck ([35]) proved that these minimizers
are smooth in Ω except on a finite set of points.

In trying to attack this problem, another functional on H1
ϕ(Ω, S

2) has been studied
which is called the “relaxed energy”. In fact, the relaxed energy is the largest sequentially
lower semi-continuous functional on H1

ϕ(Ω, S
2) which is less than E on C∞

ϕ (Ω, S2) :

Definition 1.1 The relaxed energy F of E on H1
ϕ(Ω, S

2) is defined to be

F(u) := inf
{
lim inf
n→∞

E(un) ; un ∈ C∞
ϕ (Ω, S2) , un ⇀ u

}
. (1.2)

Since the smooth maps which take ϕ as their boundary value are weakly sequentially dense
in H1

ϕ(Ω, S
2) (See [2]), we observe that F is well defined. Moreover F is sequentially lower

semi-continuous with respect to the weak topology in H1
ϕ(Ω, S

2) and we have

inf
H1

ϕ(Ω,S
2)
F = inf

C∞
ϕ (Ω,S2)

E . (1.3)

This equation shows the importance of study of F . Since the infimum of F in H1
ϕ(Ω, S

2)
is achieved, the question which should be considered then is whether a minimizer of F is
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weakly harmonic and to what extent it is regular.

In this direction, based on the results of [10], F.Bethuel, H.Brezis and J.M. Coron
(See [5]), established the striking fact that, for n = 3, the relaxed energy is given by the
following elegant algebraic formula :

F(u) = F (u) := E(u) + 8πL(u)

where

L(u) :=
1

4π
sup

ψ : Ω → R

|dψ|∞ ≤ 1

{∫

Ω

u∗ωV ∧ dψ −
∫

∂Ω

ϕ∗ωV ∧ ψ
}

(1.4)

where ωV is the volume form on S2 (or can be replaced by any 2-form ω,
∫
S2 ω = 4π).

In particular this yields that the critical points of F are weakly harmonic. However,
F.Bethuel and H.Brezis have also shown that the minimizers of

Fλ := E + 8πλL ,

for 0 ≤ λ < 1, are smooth in Ω except on a finite set of points (See[4]).

If u ∈ H1
ϕ(Ω, S

2) is smooth in Ω except on a set of finite points {p1, ..., pm}, with
degree di at the point pi, then L(u) is the minimum length of the segments connecting
these singularities with respect to the multiplicities (See [10]). In other words

L(u) = mi

(
m∑

i=1

di [[pi]], Ω

)

where we define for the integer multiplicity rectifiable 0-current Su =
m∑

i=1

di [[pi]] :

mi(Su,Ω) := inf
{
M(T) ; T ∈ R1(R

3), sptT ⊂ Ω , ∂T = Su
}
.

Here we study the same approach for n > 3 but this generalisation meets new obstacles.
One may introduce for ω, any 2-form on S2 which satisfies

∫
S2 ω = 1 :

L(u) := sup
ψ ∈ Λn−3(Ω)
|dψ|∞ ≤ 1

{∫

Ω

u∗ω ∧ dψ −
∫

∂Ω

ϕ∗ω ∧ ψ
}

(1.5)

as a generalization of L(u) in the 3-dimensional case. Observe that L is independent of
the choice of ω and is continuous on H1

ϕ(Ω, S
2) for Ω ⊂ R

n and the functional

F (u) := E(u) + 8πL(u) (1.6)

would still be weakly lower semi-continuous. But we have the following fact :
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Theorem 1 For every Ω ⊂ R4 and every map ϕ ∈ C∞(∂Ω, S2), smoothly extendable into
Ω, there exists u ∈ H1

ϕ(Ω, S
2) such that

F (u) < F(u) . (1.7)

Moreover there exists a domain Ω ⊂ R4 and ϕ ∈ C∞(∂Ω, S2), smoothly extendable into
Ω, for which the following gap phenomenon holds :

inf
H1

ϕ(Ω,S
2)
E < inf

H1
ϕ(Ω,S

2)
F < inf

C∞
ϕ (Ω,S2)

E . (1.8)

The difference with the case n = 3 lies in the quantity which L(u) represents. We
shall consider a map u ∈ H1

ϕ(Ω, S
2), which is smooth except on a finite union of (n− 3)-

dimensional submanifolds of Ω : {σ1, ...σm}. The degree di of u on each σi is well defined
and we define Su :=

∑m
i=1 di [[σi]]. Computing L(u), we see that

L(u) = sup
|dψ|∞≤1

∫

Su

ψ ≤ sup
‖dψ‖∗

∞
≤1

∫

Su

ψ = mr(Su,Ω) (1.9)

where ‖.‖∗ is the co-mass norm on the space of forms and

mr(Su,Ω) := inf
{
M(T) ; T ∈ Dn−2(R

n) , ∂T = Su, sptT ⊂ Ω
}

is the mass of the minimal normal (real) current in Ω with boundary Su. The second
equality in (1.9) is due to the fact that there exists always a calibration for minimizing
normal currents, which we shall discuss later in this paper (See proposition 2.3). Mean-
while, mi(Su,Ω), the minimal mass of i.m. rectifiable currents in Ω which are bounded
by Su, is still proportional to the energy needed for removing the singularities of u. Here
arises the main question which should be answered if we want to continue as above, that
is whether

mr(S,Ω) = mi(S,Ω) ∀S ∈ Rn−3(Ω).

But in contrast with the case n = 3, the answer is no for n > 3. In particular, for n = 4,
there exists a curve [[Γ]] in R4 for which

mr([[Γ]]) < mi([[Γ]]).

This gap phenomenon was first proved by L.C.Young in [42]. F.Morgan in [27] and
B.White in [37] have given other examples of such curves in R4.

Remark 1.1 However, in [29], we observed that the critical points of F are still weakly
harmonic in H1

ϕ(Ω, S
2) and we used this to prove the existence of infinitely many weakly

harmonic extensions of ϕ onto Ω.
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Finally we may search for the amount of energy needed to relax the Dirichlet energy.
In section 3 we prove that the topological singular set Su of any u ∈ H1

ϕ(Ω, S
2) is the

boundary of some i.m. rectifiable current. Then the discussins in this paper suggest that
F coincides with

F̃ (u) := E(u) + 8πmi(Su,Ω).

We can only prove that F̃ ≤ F , the reverse inequality is still an open problem (See

proposition 3.1 and the remark following). However, we can prove F̃ ≥ F when we
consider the problem of relaxing the 3-energy of maps into S3. We will present this
example in a forthcoming paper.

2 Preliminaries

2.1 The subspace R∞
ϕ (Ω, S2)

Definition 2.1 We say that u ∈ H1
ϕ(Ω, S

2) is in R∞
ϕ (Ω, S2) if and only if u is smooth

except on B =
⋃m
i=1 σi ∪ B0 , a compact subset of Ω, where Hn−3(B0) = 0 and the

σi , i = 1, · · · , m are disjoint smooth embeddings of the open (n − 3)-dimensional unit
disk. Moreover we assume that any two σi and σj can meet only on their boundaries.

Remark 2.1 According to ([2], theorem 2 bis), R∞
ϕ (Ω, S2) is dense in H1

ϕ(Ω, S
2).

Definition 2.2 Let u ∈ H1
ϕ(Ω, S

2). We define the current Su ∈ Dn−3(Ω) to be the current
defined by

Su(α) :=

∫

Ω

u∗ω ∧ dα ∀α ∈ Dn−3(Ω). (2.1)

Here Dk(Ω) is the set of smooth k-forms on Ω with compact support (See[16], 2.2.3) and
ω is some 2-form on S2 for which

∫
S2 ω = 1.

A simple observation shows that the definition of Su is independent of the choice of ω due
to the fact that the difference of two closed forms on S2 is exact. The existence of the
integral (2.1) is a direct consequence of the following inequality :

|u∗ω| ≤ 1

8π
|∇u|2 a.e. onΩ (2.2)

where 4πω = ωV is the standard volume form of S2.

Definition 2.3 Let u ∈ R∞
ϕ (Ω, S2) and let B =

⋃
σi ∪ B0 be the singular set of u.

Suppose that each σi is oriented by a smooth (n−3)-vectorfield ~σi. For a ∈ σi and Na the
3-dimensional plane orthogonal to σi at a. Consider the 3-disk Ma,δ = Bδ(a)∩Na oriented

by the 3-vector ~Ma such that ~σi(a)∧ ~Ma = (−1)n~ξRn . Then the topological degree of u on
the 2 dimensional sphere Σa,δ = ∂Ma,δ is well defined and is independent of the choice of
a for δ small enough. We should call this integer the degree of u on σi and denote it by

degσiu .
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We shall mention here some useful facts which we have already proved in [29]. Recall
that any k-dimensional rectifiable subset M of Rn considered with a multiplicity θ and
oriented by a unit k-vector field ~ξ defines a rectifiable current as follows

τ(M, θ, ~ξ)(α) :=

∫

M

< ~ξ, α > θ dHk ∀α ∈ Dk(Rn).

Lemma 2.1 Let ω = 1
4π
ωV and u ∈ R∞

ϕ (Ω, S2). Then the (n−2)-vectorfield ~D(u) defined
on Ω\B by the equation

< ~D(u)(x),Ψ > ωRn := u∗ω(x) ∧Ψ ∀Ψ ∈ Λn−2(Rn) (2.3)

is a simple (n− 2)-vectorfield tangent to the smooth manifold u−1(y) for all regular value
y = u(x) ∈ S2. Meanwhile

| ~D(u)| = 1

4π
|J2u| a.e. on Ω. (2.4)

An element of Λk(R
n) is called simple if and only if it equals the exterior product of

k vectors of Rn ([13], 1.6.1).

In the view of lemma 2.1, for any y ∈ S2 a regular value of u ∈ R∞
ϕ (Ω, S2), the current

Tu
y := τ

(
u−1(y), 1,

~D(u)

| ~D(u)|

)
(2.5)

is well defined. Moreover

Proposition 2.1 Consider u ∈ R∞
ϕ (Ω, S2) and Tu

y as in (2.5), then for almost all y ∈ S2

, Tu
y is a rectifiable current in Rn with support in Ω and

∂Tu
y = Su + τ

(
ϕ−1(y), 1,

~D(ϕ)

| ~D(ϕ)|

)
(2.6)

where the (n− 3)-vectorfield ~D(ϕ) on ∂Ω is defined by the equation

< ~D(ϕ)(x),Ψ > ωEx := ϕ∗ω(x) ∧Ψ ∀Ψ ∈ Λn−3(Ex)

where Ex = Tx(∂Ω) is the tangent space to ∂Ω at x and ωEx is its unit volume form.

Proposition 2.2 Let u ∈ R∞
ϕ (Ω, S2) and B =

⋃
i σi ∪ Bo its singular set. Then

Su =
∑

i

(degσiu)τ(σi, 1, ~σi).
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2.2 Calibrations and minimizing real currents

Let T be a normal current in Dm(R
n) with support in a compact set : K.

Definition 2.4 The measurable form α in Ωm(Rn) is called to be a calibration for T in
K if 




(i) α is exact ,

(ii) ‖α|K‖∗∞ ≤ 1 ,

(iii) T(α) = M(T) .

(2.7)

We say then that T is calibrated in K.

We have this interesting proposition which shows the importance of calibrations in the
study of minimal currents :

Proposition 2.3 The real current T is calibrated in K if and only if it has the minimal
mass among all the real currents supported in K and taking the same boundary. Specially
for any open bounded set Ω in R

n and any real flat chain S in Ω we have

mr(S,Ω) = sup
‖dψ‖∗

∞
≤1

S(ψ). (2.8)

We omit the proof since it is the same as the proof for ([18], proposition 4.35, p. 59).
The interesting fact is that, as a result, a minimal i.m. rectifiable current is calibrated if
and only if it is also a minimal real current for the same boundary. The only cases where
this always happens are when the minimal current is of dimension or codimension 1 in Ω.
In other words if dimS = 0 or n− 2, then

mr(S,Ω) = mi(S,Ω). (2.9)

For the proof and some counterexamples when the conditions are not satisfied see ([14],
section 5). The readers can refer to ([16], vol II, section 1.3.4) for more details. In [1],
the authors present an interesting proof of (2.9) for dimS = n− 2. Also different proofs
for the zero dimensional case can be found in [10] and [12]. For other counterexamples
see [27], [37] and [42].

2.3 The F -energies

For any 2-form ω on S2 satisfying
∫
S2 ω = 1 and u ∈ H1

ϕ(Ω, S
2) we define

L(u) := sup
ψ ∈ Λn−3(Ω)
‖dψ‖∞ ≤ 1

{∫

Ω

u∗ω ∧ dψ −
∫

∂Ω

ϕ∗ω ∧ ψ
}

(2.10)
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and

L∗(u) := sup
ψ ∈ Λn−3(Ω)
‖dψ‖∗∞ ≤ 1

{∫

Ω

u∗ω ∧ dψ −
∫

∂Ω

ϕ∗ω ∧ ψ
}

(2.11)

where |.| and ‖.‖∗ are respectively the euclidean and the co-mass norms on the space of
forms. The definitions are independent of the choice of ω (See [29]), so from now on we
put ω = (1/4π)ωV .

Remark 2.2 L and L∗ are both continuous with respect to the H1 norm in H1
ϕ(Ω, S

2).
The proof is the same as for the case n = 3 in [5].

We have

Lemma 2.2 For any u ∈ H1
ϕ(Ω, S

2), Su is a real flat chain. Moreover we have

L(u) ≤ L∗(u) = mr(Su,Ω) . (2.12)

Proof : Set

Du(α) :=

∫

Ω

u∗ω ∧ α ∀α ∈ Dn−2(Ω).

Since by (2.2) we have 8πM(Du) ≤ E(u), Du is a normal current. Moreover, by definition,
Su = ∂Du, so Su is a real flat chain. We have, using (2.8),

mr(Su − Sv,Ω) = sup
ψ ∈ Λn−3(Ω)
‖dψ‖∗∞ ≤ 1

(Su − Sv)(ψ)

≤ C‖∇u‖2‖∇v‖2(‖∇u−∇v‖2),

where the last inequality is obtained by the same method as in ([5], theorem 1). As a
result mr(Su,Ω) is continuous with respect to the strong topology in H1

ϕ(Ω, S
2).

Meanwhile, if u ∈ R∞
ϕ (Ω, S2), using the co-area formula and proposition 2.1 succes-

sively we obtain
∫

Ω

u∗ω ∧ dψ −
∫

∂Ω

ϕ∗ω ∧ ψ =

∫

Ω

u∗ω ∧ dψ −
∫

Ω

φ∗ω ∧ dψ

=

∫

S2

(Tu
w(dψ)−Tφ

w(dψ)) dw

= Su(ψ).
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This implies

L∗(u) = sup
ψ ∈ Λn−3(Ω)
‖dψ‖∗∞ ≤ 1

{∫

Ω

u∗ω ∧ dψ −
∫

∂Ω

ϕ∗ω ∧ ψ
}

= sup
‖dψ‖∗

∞
≤1

Su(ψ) = mr(Su,Ω).

Since L∗(u) and mr(Su,Ω) are continuous in H1-norm and considering the fact that
R∞
ϕ (Ω, S2) is dense in H1

ϕ(Ω, S
2) for the strong topology, we deduce the equality in (2.12).

Moreover, L ≤ L∗ as ‖ψ‖∗∞ ≤ ‖ψ‖∞ for all differential forms.

Definition 2.5 We define the F -energies to be

F (u) := E(u) + 8πL(u)

and
F ∗(u) := E(u) + 8πL∗(u).

2.4 Sequentially weak density of smooth maps in H1
ϕ(Ω, S

2)

Let us recall some facts about maps in R∞
ϕ (Ω, S2) :

Proposition 2.4 There exists C > 0 such that for all u ∈ R∞
ϕ (Ω, S2) we have

8πmi(Su) ≤ E(u) + C. (2.13)

Moreover there exists a sequence um ∈ R∞
ϕ (Ω, S2) such that





Sum = 0

um = u on Km

µ(Km) → 0 as m→ ∞

E(um) ≤ E(u) + 8πmi(Su) +
1

m

um ⇀ u in H1

(2.14)

(2.13) is proved in [1]. In ([2], section VI), the author, suggesting (2.14) and consider-
ing (2.13), remarked that smooth maps are sequentially dense in H1

ϕ(Ω, S
2) for the weak

topology, as in the case n = 3 (See [3]). Recent developments by F.Hang and F.H.Lin
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showed that this argument should be modified for when the domain is not contractible.
They remarked that “Su = 0” is not always the sufficient condition for the strong approx-
imability of u ∈ H1(M,S2) by smooth maps and we should consider global topological
obstructions too (See [20]). But the arguments used in [6] work locally and therefore if Bn

is the n-dimensional unit disk in Rn, for any map u ∈ H1
ϕ(B

n, S2), there exists a sequence
of smooth maps um ∈ C∞

ϕ (Bn, S2) such that





(i) um ⇀ u in H1

(ii)E(um) ≤ 2E(u) + C +O(
1

m
)

(2.15)

We will present our method for proving (2.14) in a forthcoming paper where we will
treat the question of sequentially weak density of smooth maps in Sobolev spaces between
manifolds ([31]).

3 A lower bound for the relaxed energy

Proposition 3.1 Let u ∈ H1
ϕ(Ω, S

2), then Su is the boundary of some i.m.rectifiable
current. Set

F̃ (u) := E(u) + 8πmi(Su,Ω). (3.1)

F̃ is lower semi-continuous with respect to the weak topology in H1
ϕ(Ω, S

2) and

F̃ (u) ≤ F(u) , ∀u ∈ H1
ϕ(Ω, S

2). (3.2)

Remark 3.1 We do not prove that F̃ is the relaxed energy. A stronger result for the case
Ω = Bn would be to show that mi(Su,B

n) is continuous in H1
ϕ(B

n, S2), which is still an
open problem (Compare with Remark 2.2 and lemma 2.2).

Proof : For the sake of simplicity we prove the proposition for Ω = Bn, the n-
dimensional unit disk. For the general case we can replace smooth maps by maps satis-
fying the condition Sum = 0.

Let u ∈ H1
ϕ(Ω, S

2) and consider a sequence of smooth maps converging weakly to u
as in (2.15). Since um is smooth, ∂Gum = 0, where Gum is the graph of um. Also since
the Dirichlet energy is regular (See [16], vol II, section 5.2.1), the Gum are equi-bounded
in mass. By the Compactness theorem, there is an i.m. rectifiable n-current T supported
in Ω × S2 such that Gum ⇀ T up to some sub-sequence. By ([16], vol I, section 5.5.2,
proposition 3), Gum ∈ cart2,1(Ω × S2) for all m. So by the closure theorem ([16], vol I,
section 5.5.2, theorem 6) and the Structure theorem ([16], vol II, section 5.2.1) we have

T = Gu + LT × [[S2]] ∈ cart2,1(Ω× S2)
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while LT is an (n−2)-dimensional i.m. rectifiable current in Ω. From ([16], vol II, section
1.2.4, proposition 15) and (2.15) we deduce that

8πM(LT ) ≤ E(u) + C. (3.3)

Now let π and π̂ be the respective projections of Ω× S2 on Ω and S2. Since ∂T = 0, for
any 2-form ω on S2 and any compactly supported (n− 3)-form α in Ω we have

∫

Ω

u∗ω ∧ dα = Gu(π
∗(dα) ∧ π̂∗ω) = ∂Gu(π

∗α ∧ π̂∗ω) = −∂LT (α).

So Su = ∂(−LT ), which proves the first claim of the proposition. Moreover, as a conse-

quence, F̃ is well defined for the maps in H1
ϕ(Ω, S

2).

Let um be a sequence of maps in H1
ϕ(Ω, S

2) converging weakly to u. We will prove
that

F̃ ≤ lim inf
m→∞

F̃ (um). (3.4)

Put

β := lim inf
m→∞

F̃ (um).

Passing to some subsequence of um if necessary, we have F̃ (um) → β < +∞. Let −Lm be
the mass minimizing i.m.rectifiable current taking Sum as its boundary. The um are equi-
bounded in energy while the Lm are equi-bounded in mass. So, using the same argumets
as above, we see that the cartesian currents

Tm := Gum + Lm × [[S2]]

converge to some current T := Gu + L × [[S2]] in cart2,1(Ω × S2), up to a subsequence.
By ([16], vol II, section 1.2.4, proposition 15) we get

F̃ (u) = E(u) + 8πmi(Su) ≤ E(u) + 8πM(L)

≤ lim inf
m→∞

(E(um) + 8πM(Lm))

= lim inf
m→∞

(E(um) + 8πmi(Sum))

= β.

This proves (3.4). Thus F̃ is lower semi-continuous with respect to the weak topology.

(3.2) follows immediately as F̃ coinsides with E on smooth maps.
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4 Proof of theorem 1

4.1 Proof of (1.7)

We observe that regarding lemma 2.2 and proposition 3.1, it suffices to prove the
existence of a map u ∈ R∞

ϕ (Ω, S2) which satisfies

mr(Su,Ω) < mi(Su,Ω). (4.1)

This happens for n = 4. Specially there is a curve Γ in R4 for which mr([[Γ]]) < mi([[Γ]])
(See [42], [14] and [16], vol II for more details). For any Ω ⊂ R4 and boundary data ϕ, we
can construct a map u ∈ R∞

ϕ (Ω, S2) which is smooth except on such a curve, supported
in a small ball in Ω. The method is almost the same as the one used by the authors in
[1] for constructing a map with prescribed singularities and constant boundary value, so
we will not expose the details in this paper. This map will satisfy (4.1).

4.2 Sketch of the proof for (1.8)

a) For 0 < δ′ < δ, we construct a domain Ωδ,δ′ ⊂ R4 and a map ϕδ,δ′ ∈ C∞(∂Ωδ,δ′ , S
2)

which is extendable onto Ωδ,δ′ . We put

H1
δ,δ′ := H1

ϕδ,δ′
(Ωδ,δ′ , S

2)

and
C∞
δ,δ′ := H1

δ,δ′ ∩ C∞(Ωδ,δ′ , S
2).

b) We prove that
inf
H1

δ,δ′

F ∗ − inf
C∞

δ,δ′

E = O(δ)− k

when k > 0.

c) Regarding the fact that F ≤ F ∗ the theorem is proved by choosing δ small enough.

4.3 Construction of Ωδ,δ′

Let B be an integer multiplicity m-rectifiable current in Rn, without boundary. Put

mi(B) := min {M(T) ; ∂T = B , T ∈ Rm+1(R
n)} (4.2)

where M(T) is the mass of T. By [42] there exists Γ, a closed curve on K ⊂ R4, a surface
homeomorph to the Klein bottle and A, integer multiplicity rectifiable surface in R4 such
that : 




(i) ∂A = 2[[Γ]]

(ii) M(A) < 2mi([[Γ]])

(iii) sptA = K

(4.3)
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where
[[Γ]] := τ(Γ, 1, ~v)

is the integer multiplicity rectifiable current based on Γ and oriented by the unit tangent
vectorfield ~v. By slight modifications of Γ and K around their singular subsets, we may
consider them to be smooth. Let ~n be a smooth normal vectorfield on K ⊂ R4. We recall
that Γ ⊂ K and we put :

Σδ := {x+ t~n(x) ; 0 ≤ t ≤ δ , x ∈ Γ}
and

Γδ := {x+ δ~n(x) ; x ∈ Γ}
We observe that for Σδ and Γδ suitably oriented and δ sufficiently small we have :

∂[[Σδ]] = [[Γδ]]− [[Γ]]. (4.4)

Let Vδ be the tubular neighborhood of Γδ :

Vδ := {y ∈ R
4 ; d(y,Γ) ≤ δ}.

For each y ∈ Γ and 0 < δ′ < δ let B(δ, δ′, y) be the 2-dimensional disk in R4 centered at
y and with radius δ′ which is orthogonal to Σδ and observe that

B(δ, δ′) :=
⋃

y∈Γ

B(δ, δ′, y)

is a 3-dimensional submanifold of R4. We shall construct Ωδ,δ′ such that B(δ, δ′) ⊂ Ωδ,δ′ .

Let T be a smooth surface such that





(i) ∂T = [[Γδ]]

(ii) T ∩ B(δ, δ′) = ∅

(iii)~n(x) is the outward tangent to T at x+ δ~n(x) ∈ ∂T , ∀x ∈ k.

(4.5)

Such T exists : As π1(R
4\Vδ) = 0 , there exists some smooth T0 ⊂ R4\Vδ such that

∂T0 = [[Γ]]. So if T1 = Σδ ∪ T0 we get ∂T1 = [[Γδ]]. T is obtained by smoothing T1 in a
neighborhood of Γ. Let ~e1, ~e2 be 2 smooth orthonormal vectorfields on T such that for
each y ∈ Γδ , ~e1(y) and ~e2(y) be tangent to B(δ, δ′, y). We put

Uδ := {x+ t1 ~e1(x) + t2 ~e2(x) ; (t21 + t22)
1
2 ≤ δ}.

We choose δ small enough and some δ′ < δ such that

B(δ, δ′) ∩Wδ′ = ∅
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whereWδ′ := {x ∈ R4 ; d(x,K) ≤ δ′}. This is possible since Γδ has no intersection withK.

For every x ∈ Γ, y = x + δ~n(x), let C(δ, δ′, y) be the cone with the vertex x and the
base B(δ, δ′, y) and put

C(δ, δ′) :=
⋃

y∈Γδ

C(δ, δ′, y).

We define the map π : C(δ, δ′) → B(δ, δ′) as follows : For every z ∈ C(δ, δ′, y), π(z) is the
intersection of the line x − z and the disk B(δ, δ′, y), where x is the vortex of the cone
C(δ, δ′, y). Then we put

Ωδ,δ′ := C(δ, δ′) ∪ Uδ′ ∪Wδ′ . (4.6)

Ωδ,δ′ is a domain in R4 which contains a tubular neighborhood of K and a one of T while
∂Ωδ,δ′ contains the set B(δ, δ′).

4.4 Construction of ϕδ,δ′

Let B be the unit disk in R
2 and ν : B → S2 be the smooth covering map as defined

in [4], which satisfies these conditions :





(i) ν|∂B = const. = e ∈ S2 , ν(0) = −e

(ii)

∫

B

|∇ν|2 = 4π

(iii) For z 6= e in S2, #ω−1(z) = 1 and deg (ν, B, 0) = 1.

(4.7)

We define the map φδ,δ′ ∈ C∞(Ωδ,δ′ , S
2) as follows :

φδ,δ′(z) :=





ν

((
t1
δ′
,
t2
δ′

))
if z = x+ t1 ~e1 + t2 ~e2 ∈ Uδ′

e if z /∈ Uδ′

And we put
ϕδ,δ′ := φδ,δ′ |∂Ω .

4.5 Estimation for inf E on C∞
δ,δ′

Let u ∈ C∞
δ,δ′. By (2.2), (2.4) and the co-area formula we get :

∫

Ωδ,δ′

|∇u|2 ≥ 8π

∫

Ωδ,δ′

|u∗ω| = 2

∫

Ωδ,δ′

|J2u|

= 2

∫

S2

dw

∫

u−1(w)

1 = 2

∫

S2

M(Tu
w) dw.

(4.8)
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while considering the propositions 2.1 and 2.2 we have

∂Tu
w = [[ϕ−1

δ,δ′(w)]]. (4.9)

Meanwhile, for each w 6= e ∈ S2, there exists some surface Sw,δ ⊂ B(δ, δ′) such that

∂[[Sw,δ]] = [[ϕ−1
δ,δ′(w)]]− [[ϕ−1

δ,δ′(−e)]] = [[ϕ−1
δ,δ′(w)]]− [[Γδ]].

for suitable orientations. Using this and regarding (4.4) we get

|mi ([[Γ]])−mi ([[ϕ
−1
δ,δ′(w)]]) | ≤ |mi ([[Γ]]− [[ϕ−1

δ,δ′(w)]]) |

≤ |Σδ|+ |B(δ, δ′)| = O(δ).

This estimation, combined with (4.8) and (4.9) gives :

E(u) ≥ 2

∫

S2

mi ([[ϕ
−1
δ,δ′(w)]]) dw = 8πmi([[Γ]]) +O(δ) ∀u ∈ C∞

δ,δ′

and as a result

inf
C∞

δ,δ′

E ≥ 8πmi ([[Γ]]) +O(δ) . (4.10)

4.6 Estimation for inf F ∗ on H1
δ,δ′

We put for z ∈ Ωδ,δ′ :

uδ,δ′ :=





ϕδ,δ′(π(z)) if z ∈ C(δ, δ′)

e if z /∈ C(δ, δ′)

We have for K > 0 independent of δ and δ′ :





|∇uδ,δ′| = 0 on Ωδ,δ′\C(δ, δ′)

|∇uδ,δ′| ≤ |∇ϕδ,δ′| |∇π| ≤
K

δ′
on C(δ, δ′)

uδ,δ′|∂Ωδ,δ′
= ϕδ,δ′

(4.11)

Therefore

E(uδ,δ′) ≤
∫

C(δ,δ′)

K2

δ′2
≤ K2

δ′2
|C(δ, δ′)| = O(δ). (4.12)

As a result uδ,δ′ ∈ H1
ϕδ,δ′

(Ωδ,δ′ , S
2). We should estimate L∗(uδ,δ′) : Pay attention that

uδ,δ′ ∈ R∞
ϕδ,δ′

(Ωδ,δ′ , S
2) as it is smooth on Ωδ,δ′\Γ. Proposition 2.2 and a simple topological

observation show that if Γ is suitably oriented we have

Suδ,δ′ = [[Γ]].
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Recall that ∂A = 2[[Γ]] and that sptA ⊂ Wδ′ ⊂ Ωδ,δ′ (See (4.6)) . So referring to lemma
2.2 and using (4.12) we have :

F ∗(uδ,δ′) = E(uδ,δ′) + 8πmr(Suδ,δ′ ,Ωδ,δ′) ≤ 4πM(A) + O(δ)

and as a result
inf
H1

δ,δ′

F ∗ ≤ F ∗(uδ,δ′) ≤ 4πM(A) +O(δ) . (4.13)

4.7 End of the proof

Combining (4.10) and (4.13) we get

inf
H1

δ,δ′

F ∗ − inf
C∞

δ,δ′

E = O(δ)− 4π(2mi ([[Γ]])−M(A)) .

But regarding (4.3) we know that

2mi ([[Γ]])−M(A) > 0 .

Therefore by choosing δ small enough, for Ω = Ωδ,δ′ and ϕ = ϕδ,δ′ we get :

inf
H1

ϕ(Ω,S
2)
F ∗ − inf

C∞
ϕ (Ω,S2)

E < 0 .

This shows that
inf

H1
ϕ(Ω,S

2)
F < inf

C∞

ϕ (Ω,S2)
E (4.14)

as F ≤ F ∗.

Now F is coercive and weakly lower semi-continuous (As we mentionned in [29], the
proof is as in [5] for n = 3). So its minimum is achieved by some v ∈ H1

ϕ(Ω, S
2). We

claim that Sv 6= 0. If not,
F (v) = F̃ (v) ≥ inf

H1
ϕ(Ω,S

2)
F̃ ,

where F̃ (u) = E(u) + 8πmi(Su). Meanwhile using the same arguments as above we can
prove that

inf
H1

ϕ(Ω,S
2)
F < inf

H1
ϕ(Ω,S

2)
F̃ .

This leads to a contradiction, so Sv can not be zero. As a result,

L(v) = sup
ψ ∈ Ωn−3(Ω)
|dψ|∞ ≤ 1

∫

Ω

Sv > 0 ,

which implies :

inf
H1

ϕ(Ω,S
2)
E ≤ E(v) < E(v) + 8πL(v) = F (v) = inf

H1
ϕ(Ω,S

2)
F.

This completes the proof of theorem 1.
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La multiplicité des applications
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domain in R
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We prove existence of infinitely many weakly harmonic maps from a domain of Rn

into S2 for non-constant smooth boundary data.

1 Introduction

Consider the Sobolev space :

H1(Ω, S2) = {u ∈ H1(Ω,R3) ; u(x) ∈ S2 a.e. onΩ}
where Ω ⊂ Rn is a bounded open set and S2 is the 2-dimensional unit sphere in R3. For
u ∈ H1(Ω, S2) the energy E(u) =

∫
Ω
|∇u|2 is well defined. We call u a weakly harmonic

map if it is a critical point for the functional E, i.e. if and only if we have

d

dt
E

(
u+ tv

|u+ tv|

)

|t=0

= 0 for all v ∈ C∞
c (Ω,R3) .

43
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In other words, u is weakly harmonic in the Sobolev space H1(Ω, S2) if it satisfies the
following equation in the sense of distributions :





−∆u = u|∇u|2 in Ω

u(x) ∈ S2 a.e.

Let ϕ : ∂Ω → S2 be a smooth map which has a regular extension into Ω. The existence
of a weakly harmonic map equal to ϕ on the boundary can be easily proved by a straight-
forward minimizing argument. By the way, the uniqueness and regularity questions for
weakly harmonic maps in H1

ϕ(Ω, S
2) have not the same answers as in the classic cases,

i.e. when the target manifold is an euclidean space.

In this paper we consider the question of uniqueness of such extensions. In [21], R.
Hardt, D.Kinderlehrer and F.H.Lin had proved the existence of infinitely many weakly
harmonic extensions to an axially symmetric boundary condition in H1(B3, S2) where
B3 is the unit ball in R3. The method consists in constructing a non-axially symmetric
harmonic extension and then one obtains infinitely many different harmonic maps with
the same boundary data by rotating this extension around the symmetry axis.

Another method consists in finding new harmonic maps by defining new functionals
whose critical points are still weakly harmonic. This has been done by F.Bethuel, H.Brezis
and J.-M.Coron in [5] where they introduced such functionals which they called “relaxed
energies”. Using these functionals they proved for n = 3 that if ϕ is not homotopic to a
constant or if

min
H1

ϕ(Ω,S
2)
E(u) < inf

C∞

ϕ (Ω,S2)
E(u)

then ϕ admits infinitely many weakly harmonic extensions inside Ω. Using the same gap
condition, T.Isobe proved the corresponding result for the case n ≥ 4 in [26], still using
the relaxed energies whose definition was extended to higher dimensions.

At last, using his strict dipole insertion lemma, proved in [32], T.Rivière showed
that if Ω is a regular bounded domain of R3, a non constant smooth boundary data
ϕ : ∂Ω → S2 admits always infinitely many weakly harmonic extensions (Appeared in
[33]). The method, first proposed by F.Bethuel, H.Brezis and J.-M.Coron, consists in
producing infinitely many distinct weakly harmonic maps in an inductive process by min-
imizing the relaxed energies.

The main difficulty in adapting the approach in [33] to higher dimensions is first
generalizing the concept of relaxed energies as appeared in [5] to what we will call the
F -energies in a suitable way and proving the desired properties for these new energies.
Another difficult step consists in finding some equivalent construction in any dimensions
of the insertion of 2 singular points with the strict inequality like in [32] for n = 3. It
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appears that ([32], lemma A.1) can be generalized (via some technical difficulties) by in-
serting this time (n− 3)-dimensional singular spheres. Our main result is the following

Theorem 1 Let Ω be a regular bounded domain in R
n, n ≥ 3 , and ϕ a non-constant

smooth map from ∂Ω into S2. Then ϕ admits infinitely many weakly harmonic extensions.

Remark 1.1 This result is independent of the choice of the metric on S2 . For the details
compare with [33].

Remark 1.2 It seems that the main difficulty to overcome in order to extend the result
for p-harmonic maps into Sp, using the same method, is to prove the lower semi-continuity
of the generalized relaxed energies which can be defined also in these cases in a natural
way.

The paper is organized as follows. In section 2 we recall some elementary facts needed
for our work using concepts of Geometric Measure Theory. In section 3 we introduce
the F -energies and discuss their characteristics. The readers can refer to [16] for more
elaborated discussion of these subjects. Then in section 4 we prove our main result using
the strict insertion lemma which we shall prove in the last part of the paper.

2 Preliminaries

Let Ω ⊂ Rn, n ≥ 3 , be a bounded open set and let

H1(Ω, S2) = {u ∈ H1(Ω,R3) ; u(x) ∈ S2 a.e. onΩ}
and

H1
ϕ(Ω, S

2) = {u ∈ H1(Ω, S2) ; u = ϕ on ∂Ω}
where ϕ is a given boundary data. For u ∈ H1

ϕ(Ω, S
2) the Dirichlet energy is given by

E(u) =
∫
Ω
|∇u|2. We assume that ϕ is in C∞(∂Ω, S2) and can be extended into Ω by a

smooth map.

2.1 The subspace R∞
ϕ (Ω, S2)

Definition 2.1 We say that u ∈ H1
ϕ(Ω, S

2) is in R∞
ϕ (Ω, S2) if u is smooth except on

B =
⋃m
i=1 σi ∪B0 , a compact subset of Ω, where Hn−3(B0) = 0 and the σi , i = 1, · · · , m

are smooth embeddings of the unit disk of dimension n−3. Moreover we assume that any
two different faces of B, σi and σj, may meet only on their boundaries.

Remark 2.1 In ([2], theorem 2bis), F. Bethuel has proved that R∞
ϕ (Ω, S2) is dense in

H1
ϕ(Ω, S

2) for the strong topology.
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Definition 2.2 Let u ∈ H1
ϕ(Ω, S

2). We define the current Su ∈ Dn−3(Ω) to be the current
defined by

Su(α) :=

∫

Ω

u∗ω ∧ dα ∀α ∈ Dn−3(Ω). (2.1)

Here Dk(Ω) is the set of smooth k-forms on Ω with compact support (See[16], 2.2.3) and
ω is some 2-form on S2 for which

∫
S2 ω = 1.

Let ω1 and ω2 be two such forms on S2. We have ω1−ω2 = dβ where β is some smooth 1-
form on S2 extendable to R3. Let u ∈ H1

ϕ(Ω, S
2) and consider a sequence um ∈ C∞(Ω,R3)

converging to u in H1. We have

u∗m(dβ) = d (u∗mβ)

and by passing to the limit, we observe that this holds true for u in the sense of distribu-
tions. This proves the independence of Su from the choice of ω as we have :

d(u∗ω1)− d(u∗ω2) = du∗(dβ) = 0

in the sense of distributions. Now the existence of the integral (2.1) is a direct consequence
of the following inequality :

|u∗ω| ≤ 1

8π
|∇u|2 a.e. onΩ (2.2)

where 4πω = ωV is the standard volume form of S2.

We shall give a description of Su for u ∈ R∞
ϕ (Ω, S2). Clearly if u is smooth a standard

operation on pull-back yields
d(u∗ω) = u∗(dω) = 0

and as a consequence we deduce for u ∈ R∞
ϕ (Ω, S2) that

sptSu ⊆ B.

Definition 2.3 Let u ∈ R∞
ϕ (Ω, S2) and let B =

⋃
σi ∪ B0 be the singular set of u.

Suppose that each σi is oriented by a smooth (n − 3)-vectorfield ~σi. For a ∈ σi let Na be
the 3-dimensional plane orthogonal to σi at a. Consider the 3-disk Ma,δ = Bδ(a) ∩ Na

oriented by the 3-vector ~Ma such that ~σi(a)∧ ~Ma = (−1)n~ξRn . Then the topological degree
of u on the 2 dimensional sphere Σa,δ = ∂Ma,δ is well defined and is independent of the
choice of a for δ small enough. We call this integer the degree of u on σi and denote it by

degσiu .

Our first goal is to show that for u ∈ R∞
ϕ (Ω, S2) , Su is the integer multiplicity rec-

tifiable current
∑m

i=1(degσiu) τ(σi, 1, ~σi). Recall that any k-dimensional rectifiable subset
M of Rn considered with a multiplicity θ and oriented by a unit k-vector field ξ defines
a rectifiable current as follows

τ(M, θ, ξ)(α) :=

∫

M

< ξ, α > θ dHk ∀α ∈ Dk(Rn).
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Lemma 2.1 Let ω = 1
4π
ωV and u ∈ R∞

ϕ (Ω, S2). Then the (n−2)-vectorfield ~D(u) defined
on Ω\B by the equation

< ~D(u)(x),Ψ > ωRn := u∗ω(x) ∧Ψ ∀Ψ ∈ Λn−2(Rn) (2.3)

is a simple (n− 2)-vectorfield tangent to the smooth manifold u−1(y) for all regular value
y = u(x) ∈ S2. Meanwhile

| ~D(u)| = 1

4π
|J2u| a.e. on Ω. (2.4)

Remember that an element of Λk(R
n) is called simple if and only if it equals the ex-

terior product of k vectors of Rn ([13], 1.6.1).

Proof : Write
u∗ω =

∑

i<j

uij dx
i ∧ dxj a.e. on Ω

and uij = 0 for i ≥ j. For almost all x ∈ Ω , u∗ω(x) is in Λ2(Rn). Using (2.3) a short
calculation shows that

~D(u)(x) =
∑

σ∈Sn

1

(n− 2)!
uσ(1),σ(2)

∂

∂xσ(3)
∧ · · · ∧ ∂

∂xσ(n)

and we get
~D(u)(x) ∧ ~η =< ~η, u∗ω(x) > ~ξRn ∀~η ∈ Λ2(R

n). (2.5)

So if y ∈ S2 is a regular point for u we have ~D(u)(x) 6= 0 and if ~v is any vector tangent
to u−1(y) at x by (2.5) we obtain

~D(u)(x) ∧ ~v ∧ ~w =< ~v ∧ ~w, u∗ω(x) > ~ξRn ∀~w ∈ Λ1(R
n)

and since Du(x) · ~v = 0

< ~v ∧ ~w, u∗ω(x) >=
1

4π
< Λ2(Du)(x) · (~v ∧ ~w), ω(y) >

=
1

4π
< Du(x) · ~v ∧Du(x) · ~w, ω(y) >= 0

Therefore ~D(u)(x) ∧ ~v = 0 for any ~v tangent to u−1(y) at x and as a result ~D(u)(x) is
a simple (n− 2)-vector associated to tangent space of u−1(y) at x (See [13], 1.6.1). Now
using (2.5) and by duality we get (2.4) as ω = 1

4π
ωV and so

| ~D(u)(x)| = |u∗ω(x)| = 1

4π
|Λ2(Du)(x)| =

1

4π
|J2u(x)| a.e. on Ω.
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For any y ∈ S2, regular value of u ∈ R∞
ϕ (Ω, S2), we define the current

Tu
y := τ

(
u−1(y), 1,

~D(u)

| ~D(u)|

)
. (2.6)

Proposition 2.1 Consider u ∈ R∞
ϕ (Ω, S2) and Tu

y as in (2.6), then for almost all y ∈ S2

, Tu
y is a rectifiable current in Rn with support in Ω and

∂Tu
y = Su + τ

(
ϕ−1(y), 1,

~D(ϕ)

| ~D(ϕ)|

)
(2.7)

where the (n− 3)-vectorfield ~D(ϕ) on ∂Ω is defined by the equation

< ~D(ϕ)(x),Ψ > ωEx := ϕ∗ω(x) ∧Ψ ∀Ψ ∈ Λn−3(Ex)

where Ex = Tx(∂Ω) is the tangent space to ∂Ω at x and ωEx is its unit volume form.

Proof : First observe that by Sard’s theorem, for almost all y ∈ S2, u−1(y) is a

countable union of smooth submanifolds supported in Ω. Moreover by lemma 1,
~D(u)

| ~D(u)|
is

associated to the tangent space of u−1(y). So by co-area formula we have
∫

S2

M(Tu
y) dy =

∫

Ω

|J2u| ≤
1

2

∫

Ω

|∇u|2

and we deduce that M(Tu
y) < +∞ for almost all y, i.e. Tu

y is rectifiable. The claim about
∂Tu

y is proved in 4 steps :

(i) We prove that ∂Tu
y is a flat chain.

(ii) We give an expression for ∂Tu
y of the form

∑

i

riy τ(σi, 1, ~σi) + τ

(
ϕ−1(y), 1,

~D(ϕ)

| ~D(ϕ)|

)

using the constancy theorem.

(iii) We prove that riy = degσiu .

(iv) At last (2.7) would be proved using the definition of Su and the co-area formula.

Step (i) : Since u is smooth on Ω\B we observe that

spt(∂Tu
y) ⊆ ∂Ω ∪B (2.8)
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if y is a regular value for u. We know that u is smooth near ∂Ω and we have u−1(y)∩∂Ω =

ϕ−1(y) , ~ξRn = (−1)n−1~ξEx ∧ ~n for all x ∈ ∂Ω. Using (2.5) for ~D(u) and ~D(ϕ) we get that

~D(u) = (−1)n−1 ~D(ϕ) ∧ ~next for regular points x ∈ ∂Ω

when ~next is the outward unit tangent vector to u−1(y) at x. So considering the rules of
orientation of manifolds we get

∂Tu
yx∂Ω = τ

(
ϕ−1(y), 1,

~D(ϕ)

| ~D(ϕ)|

)
(2.9)

which is a rectifiable current for the regular values of u and ϕ.

For proving the claim we put Sy = ∂Tu
y − τ

(
ϕ−1(y), 1,

~D(ϕ)

|~D(ϕ)|

)
and consider the set

Bε = {x| d(x,B) < ε}
the ε-neighborhood of B in Ω. By (2.8) and (2.9) we get

∂(Tu
yxBε) = Tu

yx∂Bε + Sy , sptSy ⊆ B. (2.10)

Since u is smooth on ∂Bε , T
u
yx∂Bε is an (n− 3)-dimensional normal current. Now using

the co-area formula we get
∫

S2

M(Tu
yxBε) dy =

∫

Bε

|J2u| ≤
1

2

∫

Bε

|∇u|2 → 0 as ε→ 0.

So for almost all y ∈ S2 , M(Tu
yxBε) → 0. By (2.10) we deduce that Sy is a flat chain as

it is a flat-norm limit of normal currents Tu
yx∂Bε .

Step (ii) : Sy is a flat chain in Ω without boundary. By the Constancy Theorem ([16],
5.3.1, theorem 3) applied successively to the σi, there exist real numbers riy such that

spt(Sy − riyτ(σi, 1, ~σi)) ⊆ Ω\σi i = 1, · · · , m
and as a result

spt(Sy −
m∑

i=1

riyτ(σi, 1, ~σi)) ⊆ Ω\
m⋃

i=1

σi .

Meanwhile B =
⋃
i σi ∪ B0 where Hn−3(B0) = 0. So since the support of Sy lies in B,

Sy −
∑m

i=1 r
i
yτ(σi, 1, ~σi) is an (n− 3)-dimensional flat chain supported in B0, therefore

Sy =

m∑

i=1

riyτ(σi, 1, ~σi)

and so

∂Tu
y =

∑

i

riy τ(σi, 1, ~σi) + τ

(
ϕ−1(y), 1,

~D(ϕ)

| ~D(ϕ)|

)
. (2.11)

Step (iii) : We begin this part by proving the following lemma.
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Lemma 2.2 Let M be a 3-dimensional smooth manifold supported in Ω oriented by ~M a
smooth 3-vectorfield. Let M = τ(M, 1, ~M) and Σ = ∂M. Then for almost all y ∈ S2,

k(∂Tu
y ,M) = (−1)n

∫

Σ

u∗ω

where k(S,T) is the kronecker index of S and T as defined in ([16], vol. 1, 5.3.4).

Proof : For almost all y ∈ S2 regular value for (u|Σ) (2.11) is valid and Σ transversally
intersects u−1(y) at each point of their intersection. So we have :

∫

Σ

u∗ω =
∑

x∈Σ∩u−1(y)

< ~Σ(x),
u∗ω(x)

|u∗ω(x)| >= k(Tu
y ,Σ) (2.12)

Consider the translation τa : Rn → Rn, τa(x) = x + a. Considering the definition of the
kronecker index and ([16], 5.3.4, theorem 2) we observe that there exists a small enough
such that

(i) spt τa#Σ ⊂ Ω\B , spt τa#M ⊂ Ω,

(ii) Tu
y ∩ τa#Σ , Tu

y ∩ τa#M and ∂Tu
y ∩ τa#M exist,

(iii) k(Tu
y ,Σ) = k(Tu

y , τ
a
#Σ) , k(∂T

u
y ,M) = k(∂Tu

y , τ
a
#M) and

(iv) ∂(Tu
y ∩ τa#M) = ∂Tu

y ∩ τa#M+ (−1)n−3Tu
y ∩ τa#Σ.

Therefore by (2.12)

k(∂Tu
y ,M) = k(∂Tu

y , τ
a
#M) = (∂Tu

y ∩ τa#M)(1)

= (−1)n(Tu
y ∩ τa#Σ)(1) = (−1)nk(Ty, τ

a
#Σ) = (−1)nk(Tu

y ,Σ)

= (−1)n
∫

Σ

u∗ω.

which proves the lemma.

Now take Ma,δ = τ(Ma,δ, 1, ~Ma,δ) as in the definition 3. Applying lemma 2 and (2.12)
to Ma,δ we get :

degσiu =

∫

Σa,δ

u∗ω = (−1)nk(∂Tu
y ,Ma,δ) = riy . (2.13)
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Step (iv) : Let α ∈ Dn−3(Ω). By the co-area formula and (2.4) we get :

∫

Ω

u∗ω ∧ dα =
1

4π

∫

S2

dy

∫

u−1(y)

u∗ω ∧ dα
|u∗ω|

=
1

4π

∫

S2

dy

∫

u−1(y)

<
~D(u)

| ~D(u)|
, dα > dHn−2

=
1

4π

∫

S2

Tu
y(dα) dy =

1

4π

∫

S2

∂Tu
y(α) dy

and since α|∂Ω = 0 using (2.11) and (2.13) we obtain :

∫

Ω

u∗ω ∧ dα =
1

4π

∫

S2

dy

m∑

i=1

(degσiu)τ(σi, 1, ~σi)(α)

=

m∑

i=1

(degσiu) τ(σi, 1, ~σi)(α)

(2.14)

which completes the proof of proposition 1 regarding the definition of Su and the formula
for ∂Tu

y in (2.11).

Corollary 2.1 Let u ∈ R∞
ϕ (Ω, S2) and B =

⋃
i σi ∪Bo its singular set. Then

Su =
∑

i

(degσiu)τ(σi, 1, ~σi).

Proof : Refer to the relation (2.14) in the proof of proposition 1.

3 The F -energy on H1
ϕ(Ω, S

2)

In this section we define for any v ∈ H1
ϕ(Ω, S

2) a functional Fv on H1
ϕ(Ω, S

2) which
has two interesting properties. First, it is lower semi-continuous and second, its critical
points are also the critical points of the energy E, i.e. the critical points of F , in particular
its minimizers, would be weakly harmonic maps. In fact this “F -energy” is a natural
generalization of the “relaxed energy” in dimension 3 introduced in [5], except that in
higher dimensions the functional F may not be a relaxed energy for H1

ϕ(Ω, S
2) : i.e. there

exist cases where
inf

H1
ϕ(Ω,S

2)
F < min

C∞
ϕ (Ω,S2)

E ,

(See [30]).
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Definition 3.1 Let u, v be two maps in H1
ϕ(Ω, S

2). We define the connection between u
and v to be

L(u, v) = sup
ψ ∈ Ω∞

n−3(Ω)
|dψ|∞ ≤ 1

{∫

Ω

u∗ω ∧ dψ −
∫

Ω

v∗ω ∧ dψ
}

(3.1)

where ω is any 2-form on S2 with
∫
S2 ω = 1. We will often take ω = 1

4π
ωV which is more

suitable for computations.

Remark 3.1 We recall that the mass of currents is in fact the dual of the comass norm
of differential forms (See[13], 4.1.7). So, from Geometric Measure Theory point of view,
it would be more natural to use the comass norm of dψ instead of its euclidean norm in
the definition of L. Meanwhile the euclidean norm is preferred for the relative simplicity
of the proof of lower semi-continuity of Fv .

Proposition 3.1 We have the following inequality :

L(u, v) ≤ C‖∇u−∇v‖2(‖∇u‖2 + ‖∇v‖2) ∀u, v ∈ H1
ϕ(Ω, S

2). (3.2)

Proof : We write

dψ =
∑

1≤i3<i4<···<in≤n

ψi3i4···indx
i3 ∧ dxi4 ∧ · · · ∧ dxin

and we have ∑

i3<i4<···<in

|ψi3i4···in |2 = |dψ|2 ≤ 1.

Now by simple calculations we obtain :

< ~ξRn, u∗ω ∧ dψ >= 1

8π

∑

i3 < i4 < · · · < in
{i1, · · · , in} = {1, · · · , n}

u · (uxi1 ∧ uxi2 )ψi3i4···in

and the proposition is proved using the same method used in [5], Theorem 3.

Now let u ∈ H1
ϕ(Ω, S

2) and for u0 ∈ C∞
c (Ω, S2) consider the variation u(t) = u+tu0

|u+tu0|
.

As a consequence for t small enough u(t) ∈ H1
ϕ(Ω, S

2) and we have :

Lemma 3.1 For all u, v ∈ H1
ϕ(Ω, S

2) and for t small enough L(u(t), v) = L(u, v).
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Proof : Pay attention that if un → u in H1 then for t small enough we have un(t) →
u(t) in H1. So in the view of the proposition 2 and by using the fact that R∞

ϕ (Ω, S2)
is dense in H1

ϕ(Ω, S
2) (See Remark 3), it suffices for us to prove this lemma for u, v ∈

R∞
ϕ (Ω, S2). For such u and v we get by the co-area formula and proposition 1 :

∫

Ω

u∗ω ∧ dψ −
∫

Ω

v∗ω ∧ dψ =
1

4π

∫

S2

(Tu
y −Tv

y)(dψ) dy = (Su − Sv)(ψ). (3.3)

Meanwhile for u ∈ R∞
ϕ (Ω, S2), using the corollary 1, we have Su = Su(t) as u and u(t)

have the same singular set and the same degrees on its components. By (3.3) we get :

L(u(t), v) = sup
|dψ|∞≤1

(
Su(t) − Sv

)
(ψ) = sup

|dψ|∞≤1

(Su − Sv) (ψ) = L(u, v)

and the lemma is proved.

Proposition 3.2 For fixed v ∈ H1
ϕ(Ω, S

2) let

Fv(u) := E(u) + 8πL(u, v).

Then Fv is a lower semi-continous functional on H1
ϕ(Ω, S

2) and its critical points are
weakly harmonic maps.

Remark 3.2 T.Isobe has proved the lower semi-continuity of the functionals

Fψ,λ(u) = E(u) + 8πλ

{∫

Ω

u∗ω ∧ dψ −
∫

∂Ω

ϕ∗ω ∧ ψ
}

for λ < C(n), n ≥ 4 (See [26]). But what we need here is the same result for λ = 1 for
which we have to prefer another argument.

Proof : Again as in the proposition 2, the proof of lower semi-continuity of Fv is the
same as the proof of lower semi-continuity of the relaxed energy in [5]. Using lemma 3 we
obtain

d

dt
Fv(u(t))|t=0 =

d

dt
E(u(t))|t=0 + 8π

d

dt
L(u(t), v)|t=0 =

d

dt
E(u(t))|t=0

so as a result the critical points of Fv are those of E.

4 Proof of the main theorem

We shall state here the main result of the paper.

Theorem 1 Let Ω be a regular bounded domain in Rn, n ≥ 3 , and ϕ a non-constant
smooth map from ∂Ω to S2. Then ϕ admits infinitely many weakly harmonic extensions.



54 CHAPTER II. LA MULTIPLICITÉ DES APPLICATIONS HARMONIQUES

For proving this theorem we apply a method proposed by F. Bethuel, H. Brezis and J.-
M. Coron which uses the F -energy as an efficient tool for finding the new weakly harmonic
maps and a technical lemma which we shall prove in the following section.

Lemma 4.1 Let Ω be a bounded regular domain in Rn and u a regular non-constant map
from Ω to S2. Let x0 be a point of Ω for which ∇u(x0) 6= 0. Then for every ρ > 0 there
exists a map v ∈ H1(Ω, S2) and 0 < δ < ρ such that

(i) v=u on Ω\Bρ(x0)

(ii) Sv = τ(σ, 1, ~σ)

(iii) E(v) < E(u) + 8πωn−2δ
n−2 = E(u) + 8πL(v, u)

where σ is an (n − 3)-dimensional sphere of center x0 and radius δ and ωk is the vol-
ume of the unit k-dimensional disk.

This lemma, called the strict insertion of singularities, was firstly proved for the case
n = 3 by T. Rivière in [32]. The computations used rely on the previous computations
for inserting coverings of S2 in dimension 2 (See [9]). The axially symmetric version of it
was proved in [23].

Proof of theorem 1 : Two situations may take place :

(1) There are infinitely many distinct minimizers for E in H1
ϕ(Ω, S

2) and so the prob-
lem is solved.

(2) There are only a finite number of minimizers for E on H1
ϕ(Ω, S

2).

In this case let w1, · · · , wm be the minimizing maps. By the partial regularity theory
of [35] and considering the fact that ϕ is not constant we deduce the existence of Ω1, an
open subset of Ω, on which w1 is smooth and some x0 ∈ Ω1 for which ∇w1(x0) 6= 0. For
some ρ > 0 which will be fixed later we apply the lemma 4 to w1 on Ω1 and name the
transformed map v1. So we have

E(v1) < E(w1) + 8πL(v1, w1). (4.1)

Now suppose that u1 is a minimizing map for Fv1 on H1
ϕ(Ω, S

2). By proposition 4
such maps exist and are weakly harmonic. We shall prove that for ρ sufficiently small u1
is different from all the wi. We distinguish two cases :

(a) L(wk, w1) = 0 : By (4.1) we obtain

Fv1(u1) ≤ Fv1(v1) = E(v1) < E(w1) + 8πL(v1, w1). (4.2)
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Moreover subadditionality of L gives

|L(v1, w1)− L(v1, wk)| ≤ L(wk, w1) = 0, (4.3)

so L(v1, w1) = L(v1, wk) and using the fact that E(w1) = E(wk) , (4.2) implies

Fv1(u1) < Fv1(wk).

This strict inequality proves naturally that u1 6= wk when L(w1, wk) = 0.

(b) L(wk, w1) > 0 : We have

L(wk, v1) + L(v1, w1) ≥ L(wk, w1), (4.4)

meanwhile by the lemma 4

L(v1, w1) = ωn−2δ
n−2 < ωn−2ρ

n−2, (4.5)

thus

Fv1(wk) = E(wk) + 8πL(wk, v1)

≥ E(w1) + 8π(L(wk, w1)− ωn−2ρ
n−2).

(4.6)

Now it is sufficient to choose ρ > 0 such that for all wk verifying L(wk, w1) > 0 we
have the inequality

0 < ωn−2ρ
n−2 <

L(wk, w1)

2
, (4.7)

then by (4.5) we have L(wk, w1) − ωn−2ρ
n−2 > ωn−2ρ

n−2 > L(v1, w1) and this, added to
(4.6) implies :

Fv1(wk) > Fv1(w1) ≥ Fv1(u1),

which combined with part (a) proves that u1 is different from all the wk .

We construct by induction a sequence uj of distinct weakly harmonic maps inH1
ϕ(Ω, S

2)
which are also different from the wi, using the same method. Choose ρj+1 such that





0 < ωn−2ρ
n−2
j+1 < Min

{
L(wk, w1)

2
; for k verifying L(wk, w1) > 0

}

and

0 < ωn−2ρ
n−2
j+1 < Min

{
E(ui)−E(w1)

8π
; i = 1, · · · , j

} (4.8)

Let uj+1 be a minimizer of Fvj+1
when vj+1 is the transformed map of w1 on Bρj+1

(x0) as
in lemma 4. Again the first inequality in (4.8) assures that uj+1 is distinct from the wi.
For seeing that uj+1 6= ui for i ≤ j , using the strict inequality of lemma 4 we observe
that

Fvj+1
(uj+1) ≤ Fvj+1

(vj+1) = E(vj+1) < E(w1) + 8πωn−2ρ
n−2
j+1 . (4.9)
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Moreover from (4.8) we have

8πωn−2ρ
n−2
j+1 < E(ui)− E(w1). (4.10)

Thus combining (4.9) and (4.10) imply that E(uj+1) ≤ Fvj+1
(uj+1) < E(ui). This yields

that uj+1 6= ui for i ≤ j and completes the proof of the theorem.

5 The strict insertion of a singular sphere

We would follow the method used by T. Rivière in [32] for the case n = 3.

5.1 Notations

We replace x0 by 0 using a suitable translation in Rn. We choose also an orthonormal
basis (~i,~j,~k1, · · · , ~kn−2) for R

n such that

ux(0) 6= 0, ux(0) · uy(0) = 0. (5.1)

(See [9]). Let (x, y, z1, · · · , zn−2) be the coordinates in the new basis. We introduce also
the polar coordinates (r, θ) , (R, θ1, · · · , θn−4, ϕ) as follows





x = r cos θ
y = r sin θ
z1 = R cos θ1
z2 = R sin θ1 cos θ2
.
.
.
zn−3 = R sin θ1 · · · sin θn−4 cosϕ
zn−2 = R sin θ1 · · · sin θn−4 sinϕ

(5.2)

where 0 ≤ θi ≤ π , 0 ≤ ϕ ≤ 2π and |z| = R for z = (z1, · · · , zn−2).

Now for δ sufficiently small and R ∈ [0, δ + δ2] we define two unit vector fields

I(z) =
ux(0, 0, z)

|ux(0, 0, z)|
, K(z) = u(0, 0, z). (5.3)

Since u takes its values in S2, I and K are orthogonal. Let a = |ux(0)| and b = |uy(0)|.
We define J(z) to be a smooth vectorfield such that (I, J,K) form an orthonormal basis.
We verify then

ux(0, 0, z) = (a+O(R))I(z)
uy(0, 0, z) = O(R)I(z) + (b+O(R))J(z).

(5.4)
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5.2 Sketch of the proof

We shall transform u in the region

Cδ = {(x, y, z) ∈ Ω | 0 ≤ R ≤ δ + δ2, 0 ≤ r ≤ 2δ2}.
For δ sufficiently small , the transformed map v would be singular exactly on the (n− 3)-
dimensional sphere σ = {(0, 0, z); R = δ} and will satisfy

degσv = 1, E(v) < E(u) + 8πωn−2δ
n−2. (5.5)

For this aim we define the map uδ as follows

(a) u = uδ outside Cδ

(b) In the region

cδ = {(x, y, z) |R < δ − δ2, 0 ≤ r ≤ 2δ2}
uδ would be an interpolation between u ouside cδ and a conformal map on each disk
centered at (0, 0, z) and of radius δ2 in the region

cδ1 = {(x, y, z) |R < δ − δ2 , 0 ≤ r ≤ δ2}
exactly as it is described by T.Rivière in [32], following the method of H.Brezis and J.-M.
Coron in [9] .

(c) For the region c̃δ = Cδ\cδ , uδ will be the conjugation of the value of uδ on ∂c̃δ

with the projection Π : c̃δ → ∂c̃δ which is defined as follows : For p ∈ c̃δ , Π(p) is the
intersection with ∂c̃δ of the line orthogonal to σ which passes through p.

It will be showed that v = uδ for δ small enough is a desired map. In the last step we
will prove that L(u, v) = ωn−2δ

n−2, the volume of the (n− 2)-disk of the boundary σ.

5.3 The construction of uδ in cδ

For (x, y, z) ∈ cδ we define

(i) If r < δ2 :

uδ =
2λ

λ2 + r2
(xI(z) + yJ(z)− λK(z)) +K(z) (5.6)

where λ = cδ4 and c will be fixed later.

(ii) If δ2 ≤ r ≤ 2δ2 :

uδ = (A1r +B1)I(z) + (A2r +B2)J(z)

+
√
1− (A1r +B1)2 − (A2r +B2)2K(z)

(5.7)
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where Ai and Bi depend only on z, θ, r as follows :




2δ2Ai +Bi = ui(2δ
2 cos θ, 2δ2 sin θ, z)

for i = 1, 2 (ui is the i-th coordinate of u in (I(z), J(z), K(z))

δ2A1 +B1 =
2λδ2

λ2 + δ4
cos θ

δ2A2 +B2 =
2λδ2

λ2 + δ4
sin θ.

(5.8)

The estimates for E(uδ) in cδ2 = cδ\cδ1
Following the same computations as in [9] or [32] we have the following estimates on cδ2

for fixed z :





∫

δ2≤r≤2δ2
|∇xyu

δ(x, y, z)|2 dxdy

= 4πδ4(a2 + b2 − 2c2 + (a2 + b2 + 8c2 − 4ac− 4bc) ln 2) +O(δ5).

∣∣∣∣
∂uδ

∂zi
(x, y, z)

∣∣∣∣ =
∣∣∣∣
∂u

∂zi
(0, 0, z)

∣∣∣∣+O(δ2) for i = 1, · · · , n− 2.

|∇uδ| ≤ C for C > 0 independent of δ.

(5.9)

Note that by ∇xyu we mean the matrix of first partial derivatives of u in x and in y. As
a result we have the following estimate for the energy on cδ2 :

∫

cδ2

|∇uδ|2

= 4πωn−2δ
n+2(a2 + b2 − 2c2 + (a2 + b2 + 8c2 − 4ac− 4bc) ln 2)

+π((2δ)2 − (δ2))

∫

0≤R≤δ−δ2
|∇zu(0, 0, z)|2 dz+O(δn+3).

(5.10)

The estimates for E(uδ) in cδ1.

Firstly for a fixed z, uδ is a conformal diffeomorphism from the disk B2((0, 0, z), δ2)
into S2 and we get :∫

r≤δ2
|∇xyu

δ(x, y, z)|2 dxdy = 2Area(uδ(B2((0, 0, z), δ2), z))

= 8π − 8πc2δ4 +O(δ5).

(5.11)
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and by integration on z we obtain :
∫

cδ1

|∇xyu
δ(x, y, z)|2 dxdydz1 · · · dzn−2

=
ωn−2

(n− 2)

∫ δ−δ2

0

Rn−3dR

∫

r≤δ2
|∇xyu

δ(x, y, z)|2 dxdy

= 8πωn−2(δ − δ2)n−2 − 8πωn−2c
2δn+2 +O(δn+3).

(5.12)

Meanwhile we estimate the z-derivatives of uδ in cδ1. Firstly we have

∂uδ

∂zi
(x, y, z) =

2λ

λ2 + r2
(x
dI

dzi
+ y

dJ

dzi
− λ

dK

dzi
) +

dK

dzi
for i = 1, · · · , n− 2. (5.13)

We estimate ∂uδ

∂zi
(x, y, z) in two regions :

(a) r ≤ δ3 : Using (5.13) we observe that for 0 ≤ r ≤ δ2 :

|∇ziu
δ| ≤

∣∣∣∣
dK

dzi

∣∣∣∣+
2λ

(λ2 + r2)
1
2

≤ C independent of δ (5.14)

and as a result ∫

r≤δ3
|∇zu

δ|2dxdy = O(δ6), (5.15)

which implies ∫

cδ1

|∇zu
δ|2 = O(δn+4). (5.16)

(b) δ3 ≤ r ≤ δ2 : We have
∣∣∣∣

2λ

λ2 + r2
(x
dI

dzi
+ y

dJ

dzi
)

∣∣∣∣ ≤
2λr

λ2 + r2
≤ C

λ

r
= O(δ). (5.17)

So using (5.13)

∂uδ

∂zi
(x, y, z) =

(
r2 − λ2

r2 + λ2

)
∂u

∂zi
(0, 0, z) +O(δ) for δ3 ≤ r ≤ δ2,

and we get

∫

δ3≤r≤δ2
|∇zu

δ|2 dxdy =

(
2π

∫ δ2

δ3

(
r2 − λ2

r2 + λ2

)2

r dr

)
|∇zu(0, 0, z)|2 +O(δ5)

= πδ4|∇zu(0, 0, z)|2 +O(δ5).
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This last estimate combined with (5.16) yields
∫

cδ1

|∇zu
δ|2 = πδ4

∫

0≤R≤δ−δ2
|∇zu(0, 0, z)|2 dz1 · · · dzn−2 +O(δn+3) . (5.18)

At last combining (5.12) and (5.18) we obtain :
∫

cδ1

|∇uδ|2 = 8πωn−2(δ − δ2)n−2 − 8πωn−2c
2δn+2

+πδ4
∫

0≤R≤δ−δ2
|∇zu(0, 0, z)|2 dz+O(δn+3) .

(5.19)

The evaluation of E(uδ) on c̃δ

As briefly mentioned above in the the sketch of the proof, uδ in the region c̃δ is defined
as follows : We define the projection h : c̃δ → σ by

h(x, y, z1, z2, · · · , zn−2) = (0, 0,
δz1
R
, · · · , δzn−2

R
) (5.20)

Then the projection Π , defined on

c̃δ = {(x, y, z) |δ − δ2 ≤ R ≤ δ + δ2 , 0 ≤ r ≤ δ2}

sends each point p to the intersection between ∂c̃δ and the line passing through p and
h(p). We take

uδ =
(
uδ|∂c̃δ

)
◦ Π.

Pay attention that the points p and Π(p) lie in the 3-plane orthogonal to σ at h(p).

Using the co-area formula we have

∫

c̃δ
|∇uδ|2 =

∫

σ

dHn−3

∫

h−1(w)

|∇uδ|2
|Jn−3h|

dH3 (5.21)

Moreover |Jn−3h| =
(
δ
R

)n−3
and

h−1(w) = {(x, y, R, θ1, · · · , θn−4, ϕ) ∈ c̃δ | δ − δ2 ≤ R ≤ δ + δ2 , 0 ≤ r ≤ 2δ2 ,

θi = const. for i = 1, · · · , n− 4, and ϕ = const. }

is a cylinder of the height 2δ2, of radius 2δ2 and of center w ∈ σ. We now estimate the
value of

∫
h−1(w)

Rn−3|∇uδ|2 dx dy dR.

We write h−1(w) as the union of two separate regions Gw and Hw :
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(1) Gw = Π−1(∂cδ1 ∩h−1(w)) is the little 3-cone of vertex w, lying in the plane orthog-
onal to σ at w, whose end is the disk Dδ2 of center (0, 0, δ − δ2, θw1 , · · · , θwn−4, ϕ

w) and of
radius δ2. Pay attention that on this disk uδ is the conformal map defined in (5.6).

(2) Hw is the complementar of Gw in h−1(w): i.e. Hw = Π−1(∂c̃δ\∂cδ1 ∩ h−1(w)).

See Fig.1 and Fig.2 to visualize these regions for n = 4. For estimating |∇uδ| on Gw

we proceed by changing the coordinates. Let R′ be the distance of the point p =
(x, y, z1, · · · , zn−2) ∈ Gw from w, the vertex of the cone, and let x′ and y′ be the two
first coordinates of Π(p) in Dδ2 (See Fig.2). We have





x′ =
δ2x

δ − R

y′ =
δ2y

δ − R

R′ =
√
r2 + (δ −R)2

θi = θi , ϕ = ϕ

and





x =
x′R′

√
δ4 + r′2

y =
y′R′

√
δ4 + r′2

δ − R =
δ2R′

√
δ4 + r′2

(5.22)

Now uδ is constant on the rays passing by w, so we get

uδ(x′, y′, R′, θ1, · · · , θn−4, ϕ) = uδ(x′, y′,
√
δ4 + r′2, θ1, · · · , θn−4, ϕ) (5.23)

i.e.
∂uδ

∂R′
= 0. Also by a simple calculation of the derivatives using (5.22) we have for the

point (x, y, z) ∈ Gw :





∂uδ

∂x
=

(√
δ4 + r′2

R′

)
∂uδ

∂x′
(x′, y′,

√
δ4 + r′2)

∂uδ

∂y
=

(√
δ4 + r′2

R′

)
∂uδ

∂y′
(x′, y′,

√
δ4 + r′2)

∂uδ

∂R
=

(
x′
√
δ4 + r′2

δ2R′

)
∂uδ

∂x′
(x′, y′,

√
δ4 + r′2)

+

(
y′
√
δ4 + r′2

δ2R′

)
∂uδ

∂y′
(x′, y′,

√
δ4 + r′2).

(5.24)

and in the same line by calculating the Jacobian of the new coordinates we have :
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dx dy dR =
δ2R′2

(δ4 + r′2)
3
2

dx′dy′dR′. (5.25)

Using (5.2) and doing the same work, we get :

|∇uδ|2 =
∣∣∣∣
∂uδ

∂x

∣∣∣∣
2

+

∣∣∣∣
∂uδ

∂y

∣∣∣∣
2

+

∣∣∣∣
∂uδ

∂R

∣∣∣∣
2

+ I (5.26)

where

I =
1

R2

(∣∣∣∣
∂uδ

∂θ1

∣∣∣∣
2

+
1

sin2 θ1

∣∣∣∣
∂uδ

∂θ2

∣∣∣∣
2

+ · · ·+ 1

sin2 θ1 sin
2 θ2 · · · sin2θn−4

∣∣∣∣
∂uδ

∂ϕ

∣∣∣∣
2
)
.

Using (5.23) and applying (5.14) and (5.26) to the points of Dδ2 we obtain

I(x′, y′, R′) =
(δ − δ2)2

R2
I(x′, y′,

√
δ4 + r′2)

≤ (δ − δ2)2

R2

∣∣∣∇zu
δ(x′, y′,

√
δ4 + r′2)

∣∣∣
2

≤ C
(δ − δ2)2

R2

(5.27)

Therefore by integrating directly over the cone Gw we deduce from (5.27) :

∫

Gw

Rn−3I dx dy dR = O(δn+3). (5.28)

Furthermore considering (5.22), (5.24), (5.25) and (5.26) we estimate the integral

J =

∫

Gw

Rn−3(|∇uδ|2 − I)
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as follows

J =

∫

Gw

Rn−3

(∣∣∣∣
∂uδ

∂x

∣∣∣∣
2

+

∣∣∣∣
∂uδ

∂y

∣∣∣∣
2

+

∣∣∣∣
∂uδ

∂R

∣∣∣∣
2
)
dx dy dR

=

∫

Dδ2

dx′ dy′
∫ √

δ4+r′2

0

Rn−3 δ2R′2

(δ4 + r′2)
3
2

[
δ4 + r′2

R′2

∣∣∣∇x′y′u
δ(x′, y′,

√
δ4 + r′2)

∣∣∣
2

+

(
δ4 + r′2

δ4R′2

)(
x′
∣∣∣∣
∂uδ

∂x′

∣∣∣∣+ y′
∣∣∣∣
∂uδ

∂y′

∣∣∣∣
)2
]
dR′

=

∫

Dδ2

δ2√
δ4 + r′2

∣∣∇x′y′u
δ
∣∣2
∫ δ

−δ2

√
δ4 + r′2

δ2
Rn−3 dR

+

∫

Dδ2

dx′ dy′
1

δ2
√
δ4 + r′2

(
x′
∣∣∣∣
∂uδ

∂x′

∣∣∣∣+ y′
∣∣∣∣
∂uδ

∂y′

∣∣∣∣
)2 ∫ δ

δ−δ2

√
δ4 + r′2

δ2
Rn−3 dR.

(5.29)

Using the inequality

|∇xyu
δ|2 ≤ C

δ8

(δ8 + r2)2
on Dδ2 (5.30)

which is established in [9] we obtain

∫

Dδ2

dx′ dy′
1

δ2
√
δ4 + r′2

(
x′
∣∣∣∣
∂uδ

∂x′

∣∣∣∣+ y′
∣∣∣∣
∂uδ

∂y′

∣∣∣∣
)2 ∫ δ

δ−δ2

√
δ4 + r′2

δ2
Rn−3 dR

≤ C

∫ δ2

0

δn+3 r3

(δ8 + r2)2
dr = O(δn+3 ln(1/δ)).

(5.31)

And combining (5.11), (5.26), (5.28), (5.29) and (5.31), finally we get :

∫

Gw

Rn−3|∇uδ|2 = 8π

n− 2
(δn−2 − (δ − δ2)n−2)

− 8π

n− 2
c2δn+2 +O(δn+3 ln(1/δ)).

(5.32)

Now, using the estimates in (5.9) and the fact that uδ = u on ∂c̃δ\∂cδ we observe that
|∇uδ| is bounded on ∂Hw and therefore following the same method as the one used for
Gw we get ∫

Hw

Rn−3|∇uδ|2 = O(δn+3). (5.33)
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which conjugated with (5.21) and (5.32) yields

∫

c̃δ
|∇uδ|2 = 8πωn−2(δ

n−2 − (δ − δ2)n−2)

−8πωn−2c
2δn+2 +O(δn+3 ln(1/δ)).

(5.34)

The estimate for the energy of u in Cδ

Similarly as in [32] we have the following estimate :
∫

Cδ

|∇u|2 = 4πωn−2δ
n+2(a2 + b2)

+4πδ4
∫

0≤R≤δ−δ2
|∇zu(0, 0, z)|2dz+O(δn+3).

(5.35)

5.4 The end of proof of lemma 4

Conjugating (5.10), (5.19) ,(5.34) and (5.35) we obtain :
∫

Ω

|∇uδ|2 = 8πωn−2δ
n−2

−4πωn−2δ
n+2(4c2 − (a2 + b2 + 8c2 − 4ac− 4bc) ln 2)

+O(δn+3 ln(1/δ))

(5.36)

and by choosing a suitable c such that

4c2 − (a2 + b2 + 8c2 − 4ac− 4bc) ln 2 > 0

we can be sure that for δ small enough v = uδ would satisfy the strict inequality (5.5).
For example put c = max

{
a
2
, b
2

}
. It is easy to verify that the degree of v on its only

singular set, i.e. σ = {(0, 0, z) |R = δ} is one. By the way as in (??) :

L(v, u) = sup
ψ ∈ Ω∞

n−3(Ω)
|dψ|∞ ≤ 1

{∫

Ω

v∗ω ∧ dψ −
∫

Ω

u∗ω ∧ dψ
}

= sup
ψ ∈ Ω∞

n−3(Ω)
|dψ|∞ ≤ 1

Sv(ψ)

(5.37)

as Su = 0. Meanwhile using the corollary 1 :

|Sv(ψ)| = |τ(σ, 1, ~σ)(ψ)| = |T(dψ)| ≤ M(T) (5.38)
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for every current T which takes σ as its boundary, using the fact that |dψ|∞ ≤ 1. Putting

T = T0 = τ(Bδ, 1, ~Bδ) where Bδ is the (n − 2)-ball of the center 0 and of radius δ , we
obtain combining (5.37) and (5.38) :

L(v, u) ≤ ωn−2δ
n−2. (5.39)

Now take ψ0 = z1 ∧ dz2 ∧ · · · ∧ dzn−2. A simple observation shows that T0(dψ0) =
M(T0) = ωn−2δ

n−2, so again using (5.37) and (5.38) we obtain easily that

L(v, u) ≥ ωn−2δ
n−2

which completes the proof regarding (5.39).

The author is grateful to Tristan Rivière for having drawn his attention to this problem.
This research was carried out with support provided by the French government in the
framework of cooperation programs between Université de Versaille and I.P.M., Institute
for studies in theoretical Physics and Mathematics, Iran.



Chapitre III

Les singularités topologiques dans
W 1,3(M,S3)

On topological singular set of maps with finite 3-energy into S3
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61 Avenue du Président Wilson
94235 Cachan Cedex, France
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We prove that the topological singular set of a map in W 1,3(M,S3) is the boundary
of an integer multiplicity rectifiable current in M , where M is a closed smooth manifold
of dimension greater than 3. Also we prove that the mass of the minimal i.m. rectifiable
current taking this set as the boundary is a strongly continuous functional onW 1,3(M,S3).

1 Introduction

Let M be an oriented smooth closed riemannien manifold of dimension n, and N any
closed riemannien manifold isometrically embedded in RN . Let

W 1,p(M,N) := {u ∈ W 1,p(M,RN ) ; u(x) ∈ N a.e. onM}.

For u ∈ W 1,p(M,N) the p-energy is given by E(u) =
∫
M
|∇u|pdvolM .

67
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In [7], F.Bethuel and X.Zheng proved that smooth maps are not strongly dense in
W 1,p(M,N) if p < n and π[p](N) 6= 0, [p] being the integer part of p. In this case, one
may want to characterize the maps in W 1,p(M,N) which are approximable by smooth
maps and identify the obstruction for maps which are not. Precisely, we would like to
associate to any map u ∈ W 1,p(M,N) a topological singualr set, Su, which characterizes
the approximability of u by smooth maps, i.e. u would be the strong limit of smooth
maps if and only if Su = 0.

In this line, F.Bethuel proved in [3] that u ∈ W 1,2(Bn, S2) is strongly approximable
by maps in C∞(Bn, S2), if and only if d(u∗ωS2) = 0 in the sense of distributions. Here
Bn is the n-dimensional unit disk. The same result holds for the space W 1,p(Bn, Sp)
for any other integer p (See [6]). Thus, the “local” topological obstruction for maps in
W 1,p(M,S [p]) can be defined as a current :

Definition Let p < n and u ∈ W 1,p(M,S [p]). The topological singular set of u, Su ∈
Dn−[p]−1(M), is the current defined by

Su(α) :=

∫

M

u∗ω ∧ dα ∀α ∈ Dn−[p]−1(M).

Here Dk(M) is the set of smooth k-forms on M with compact support (See[16], 2.2.3) and
ω is any [p]-form on S [p] for which

∫
S[p] ω = 1.

Remark 1.1 Recent developments by F.Hang and F.H.Lin [20] showed that the condition
“Su = 0”, though being necessary for the strong approximability of a map u ∈ W 1,p(M,Sp)
by smooth maps in this space, is not always sufficient due to some obstructions lying
in the “global” topological structure of certain domains. Precisely, there is a map u ∈
H1(CP2, S2) for which d(u∗ω) = 0 while u is not in the strong closure of smooth maps in
H1(CP2, S2).

Two important problems about Su, u ∈ W 1,p(M,Sp), are still open for almost every
integer p. First, we do not know whether Su is always the boundary of an i.m. rectifiable
current, i.e. if it is an integral flat chain. This has been proved for p = 1 or n − 1 (See
[16], vol II, section 5.4.3) or p = 2 (See [30]). The second problem arises if the answer to
the first one is positive. Set for S, any integral flat chain in M of dimension k,

mi(S) := inf {M(T) ; T ∈ Rk+1(M), ∂T = Su} ,

the minimal mass of i.m. rectifiable currents taking S as the boundary. Then the ques-
tion would be to determine whether mi(Sum − Su) → 0 if um converges strongly to u in
W 1,p(M,Sp). The answer is yes for p = 1 or n− 1, (See [5] and [16], vol II, section 5.4.2),
while we do not know whether this is the case for the maps in H1(B4, S2). We encounter
this case when considering the problem of relaxing the Dirichlet energy for maps into S2.
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As we saw in [30], generalizing to higher dimensions the algebraic formula given in [5] for
the relaxed Dirichlet energy from a 3 dimensional domain into S2 is possible if we prove
that mi(Su) is strongly continuous on H1(Bn, S2).

Another case where the second problem shows its importance is when we try to de-
fine a topological singular set for maps in W 1,p(Bn, N). In [6], F.Bethuel, J.M.Coron,
F.Demengel and F.Helein gave a discription of this set for when N is ([p]− 1)-connected
and π[p](N) is torsion free. Considering the problem for when π[p](N) has torsions, the
author and T.Rivière ramarked that we can define this set as a flat π[p](N)-chain if these
two questions come to have a positive answer for [p]. As an example, the topological
singular set of any map in u ∈ W 1,1(Bn,RP2) is a flat Z2-chain, and is equal to zero if
and only if u is a strong limit of smooth maps in W 1,1(Bn,RP2) (See [31]).

In this paper we solve these problems for p = 3 and 7. The particularity of these two
cases reside in the fact that S3 and S7 (alongside with S1) are the only spheres which
have this property : There is a smooth multiplication

κ : Sk × Sk → Sk

such that the induced homotopic homeomorphism

κ∗ : πk(S
k)⊕ πk(S

k) → πk(S
k)

is the sum of elements in πk(S
k). As a result, the method we use does not work for other

values of p. Here is our main result

Theorem 1 Let p = 3 or 7, p < n = dimM and u ∈ W 1,p(M,Sp). Then Su is the
boundary of an i.m. rectifiable current in M . Moreover, mi(Sum−Su) → 0 if um converges
strongly to u in W 1,p(M,Sp).

If M is not closed we set

W 1,p
ϕ (M,N) := {u ∈ W 1,p(M,N) ; u = ϕ on ∂M}

where ϕ is a given boundary data. We assume that ϕ is in C∞(∂M,N) and can be
extended into M by a smooth map. Then we have

Theorem 1 bis Let p = 3 or 7, p < n = dimM and u ∈ W 1,p
ϕ (M,Sp). Then Su is

the boundary of an i.m. rectifiable current in M . Moreover, mi(Sum − Su) → 0 if um
converges strongly to u in W 1,p

ϕ (M,Sp).
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Considering the question of topological singular sets, using the methods of [31], we have
these corollaries. The readers may refer to [15], [38] and [31] respectively for definitions
and more details.

Corollary 1.1 Let Bn be the n-dimensional unit disk, n > [p] = 3 or 7, and assume that
N is a closed ([p]− 1)-connected riemannien manifold of dimension equal or greater than
[p]. Then Su, the topological singular set of any u ∈ W 1,p(Bn, N), is well defined as a flat
π[p](N)-chain and the flat norm of Sum − Su converges to 0 if um → u in W 1,p(Bn, N).
Moreover u is a strong limit of smooth maps in W 1,p(Bn, N) if and only if Su = 0.

Remark 1.2 The cases where N is not ([p]−1)-connected are more involved. The readers
can refer to [24], where T. Rivière and R. Hardt have treated the relatively difficult case
of W 1,3(B4, S2).

Corollary 1.1 bis Let Bn be the n-dimensional unit disk, n > [p] = 3 or 7, and assume
that N is a closed ([p]− 1)-connected riemannien manifold of dimension equal or greater
than [p]. We assume also that ϕ ∈ C∞(∂Bn, N) is smoothly extendable into Bn. Then u
is a strong limit of smooth maps in W 1,p

ϕ (Bn, N) if and only if Su = 0.

2 Some known facts

Definition 2.1 We say that u ∈ W 1,p(M,Sp) is in R∞,p(M,Sp) if u is smooth except on
B =

⋃m
i=1 σi∪B0 , a compact subset of M , where Hn−p−1(B0) = 0 and the σi , i = 1, · · · , m

are smooth embeddings of the unit disk of dimension n− p− 1. Moreover we assume that
any two different faces of B, σi and σj, may meet only on their boundaries.

Theorem 2 (Bethuel,[2]) R∞,p(M,Sp) is dense in W 1,p(M,Sp) for the strong topology.

We recall the definition of Su, the topological singular set of u :

Definition 2.2 Let u ∈ W 1,p(M,Sp). We define the current Su ∈ Dn−p−1(M) to be the
current defined by

Su(α) :=

∫

M

u∗ω ∧ dα ∀α ∈ Dn−p−1(M). (2.1)

Here Dk(M) is the set of smooth k-forms on M with compact support (See[16], 2.2.3) and
ω is some p-form on Sp for which

∫
Sp ω = 1.
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Let ω1 and ω2 be two such forms on Sp. We have ω1 − ω2 = dβ where β is some
smooth 1-form on Sp extendable to Rp+1. Let u ∈ W 1,p(M,Sp) and consider a sequence
um ∈ C∞(M,Rp+1) converging to u in W 1,p. We have

u∗m(dβ) = d (u∗mβ)

and by passing to the limit, we observe that this holds true for u in the sense of distribu-
tions. This proves the independence of Su from the choice of ω as we have :

d(u∗ω1)− d(u∗ω2) = du∗(dβ) = 0

in the sense of distributions. Now the existence of the integral (2.1) is a direct consequence
of the following inequality :

|u∗ω| ≤ 1

pp/2αp
|∇u|p a.e. onM (2.2)

where αp := |Sp| and αpω = ωV , is the standard volume form of Sp.

We shall give a description of Su for u ∈ R∞,p(M,Sp). Clearly if u is smooth a
standard operation on pull-back yields

d(u∗ω) = u∗(dω) = 0

and as a consequence we deduce for u ∈ R∞,p(M,Sp) that

sptSu ⊆ B.

Definition 2.3 Let u ∈ R∞,p(M,Sp) and let B =
⋃
σi ∪ B0 be the singular set of u.

Suppose that each σi is oriented by a smooth (n − p − 1)-vectorfield ~σi. For a ∈ σi let
Na be any (p+1)-dimensional smooth submanifold of M , orthogonal to σi at a. Consider

the embedded (p + 1)-disk Ma,δ = Bδ(a) ∩Na oriented by the (p + 1)-vectorfield ~Ma such

that (−1)n−p~σi(a)∧ ~Ma is the fixed orientation of M . Then the topological degree of u on
the p-dimensional topological sphere Σa,δ = ∂Ma,δ is well defined and is independent of
the choice of a and Na for δ small enough. We call this integer the degree of u on σi and
denote it by

degσiu .

Remember that any k-dimensional rectifiable subset M of M considered with a mul-
tiplicity θ and oriented by a unit k-vector field ξ defines a rectifiable current as follows

τ(M, θ, ξ)(α) :=

∫

M

< ξ, α > θ dHk ∀α ∈ Dk(M).

We should recall some useful results.
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Lemma 2.1 If um is a sequence of maps in W 1,p(M,Sp) converging to u, Sum tends to
Su in the sense of currents. That is, for any α, smooth (n− p− 1)-form in M , we have

Su = lim
m→∞

Sum(α).

Equivalently
mr(Sum − Su) → 0 if um → u in W 1,p(M,Sp),

where mr(S) is the minimal mass of normal currents taking S as their boundary.

Lemma 2.2 Let M be a compact riemannien manifold. Then for any u ∈ R∞,p(M,Sp),
Su is the integer multiplicity rectifiable current

∑m
i=1(degσiu) τ(σi, 1, ~σi). Meanwhile, if

∂M is empty, or if u|∂M is homotopic to a constant, then Su is the boundary of some i.m.
rectifiable current of finite mass.

The reader can find the proofs of these statements for the case p = 2 in [29] and [30],
M being a domain in Rn. The proofs are essentially the same for other values of p and
any smooth compact manifold.

Remark 2.1 By lamma 2.1, theorem 1 would come true for any p if mi(S)
mr(S)

< C, for

any integral flat (n − p − 1)-chain S in M . The existence of such a constant is an open
problem except for when dim S = 0, n − 2, where we have the equality mi(S) = mr(S)
for any integral flat chain. Refer to [1], [10], [12], [14] and [16], vol II, section 1.3.4 for
proofs and different aspects of the problem.

Theorem 3 (Almgren, Browder and Lieb, [1]) Let M be as above, u ∈ R∞,p(M,Sp),
such that either ∂M is empty or u|∂M is constant, then

mi(Su) ≤
1

pp/2αp

∫

M

|∇u|pdvolM

3 Proof of theorem 1

We identify S3 (respectively S7) with the unit spheres in quaternions (respectively Cayley
numbers) and observe that they inherit the product structure on these spaces. If we show
the quaternion product (respectively Cayley product) by κ(x, y) := x • y, κ will be a
smooth map from Sk × Sk → Sk, k=3,7, and will satisfy this condition : The induced
homotopic homeomorphism

κ∗ : πk(S
k)⊕ πk(S

k) → πk(S
k)
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is the sum of elements in πk(S
k). The spheres of dimensions 0, 1, 3 and 7 are the only

spheres for which such κ exist (See [8], section VI.15, p. 412). By x−1 ∈ Sk we mean the
right inverse of x ∈ Sk. Set for u, v ∈ W 1,p(M,Sp) and x ∈M

u • v−1(x) := u(x) • v(x)−1.

Lemma 3.1 Let u, v ∈ W 1,p(M,Sp), p=3,7, then u•v−1 ∈ W 1,p(M,Sp). Moreover if
{um} is a strongly convergent sequence in W 1,p(M,Sp), then E(um • u−1

k ) → 0 if m, k →
+∞.

Proof : Straight computations show that

∇(u • v−1) = ∇u • v−1 − u • (v−1 • (∇v • v−1))

which yields
|∇(u • v−1)| ≤ |∇u|+ |∇v|

as |u| = |v| = 1. Thus u • v−1 ∈ W 1,p(M,Sp). The smoothness of operations and the
Lebesgue dominant convergece yields the second part of lemma.

Lemma 3.2 If u, v ∈ R∞,p(M,Sp), p=3,7, then u • v−1 ∈ R∞,p(M,Sp) and we have

Su•v−1 = Su − Sv (3.1)

.

Proof : That u • v−1 ∈ R∞,p(M,Sp) is a direct result of smoothness of the product.
The relation (3.1) can be deduced from lemma 2.2 and the fact that for any (n− p− 1)-
dimensional face of B(u • v−1) we have :

degσ(u • v−1) = degσu− degσv.

Now we present the proof of theorem 1. Let u ∈ W 1,p(M,Sp), p=3,7. By theorem 2
there exists a sequence of maps um ∈ R∞,p(M,Sp) such that um → u in W 1,p(M,Sp). By
lemma 3.1, there exist a subsequence umk

of um such that

E(umk
• u−1

mk+1
) ≤ pp/2αp

2k+1.

Meanwhile, using theorem 3 and (3.1), we observe that there is an i.m. rectifiable current
Lk such that 




∂Lk = Sumk
•u−1

mk+1
= Sumk

− Sumk+1

M(Lk) ≤
1

2k
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Choose a finite mass i.m. rectifiable current L0 such that ∂L0 = Sum1
and put

L := L0 −
+∞∑

i=1

Li.

So M(L) < +∞ and L is also an i.m. rectifiable current. Observe that if

Ik := L0 −
k∑

i=1

Li,

then
∂Ik = Sumk+1

.

Meanwhile M(Ik − L) → 0. This, using lemma 2.1, yields

∂L = Su.

(So far we have proved that Su is the boundary of some i.m. rectifiable current in M).
Moreover,

mi(Sumk+1
− Su) ≤ M(Ik − L) → 0 as k → +∞.

Consequently, for any convergent sequence um ∈ R∞,p(M,Sp),

mi(Sum − Su) → 0 (3.2)

As a result, for any u ∈ W 1,p(M,Sp), mi(Su) ≤ CE(u) for C > 0 independent of u.
Meanwhile, by the strong density of R∞,p(M,Sp) in W 1,p(M,Sp) and lemma 2.1, lemma
3.2 is true for maps in W 1,p(M,Sp) too. Using the same method and the proved facts
about Su, we can prove (3.2) for any convergent sequence um ∈ W 1,p(M,Sp), i.e.

mi(Sum − Su) → 0 if um → u in W 1,p(M,Sp).

Theorem 1 bis is proved following the same ideas.

The author is grateful to Tristan Rivière for having drawn his attention to this problem.
This research was carried out with support provided by the French government in the
framework of cooperation programs between Université de Versaille and I.P.M., Institute
for studies in theoretical Physics and Mathematics, Iran.



Chapitre IV

Les singularités topologiques et les
connections

Weak density of smooth maps into manifolds
for the Dirichlet energy

Mohammad Reza Pakzad
Tristan Rivière
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We consider the problem of topological singularities for Sobolev maps into closed
manifolds. Using this approach, we prove that smooth maps are weakly sequentially
dense in the Sobolev spaceW 1,2(Bn, N) for any closed manifoldN whose second homotopy
group is of finite type.

1 Introduction

1.1 Aspects of the problem

Questions regarding the density of smooth maps in a given function space between
manifolds arrised in calculus of variations. It is becoming a field on its own with widely
open problems.
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The most studied function spaces are the Sobolev spaces W 1,p(M,N) of maps from
a compact n-dimensional manifold M into a closed riemannien manifold isometrically
embedded in some RN :

W 1,p(M,N) :=
{
u ∈ W 1,p(M,RN) ; u(x) ∈ N a.e. x ∈M

}
.

In [36], [7], and [2], respectively R.Shoen, K.Uhlenbeck, X.Zheng and F.Bethuel shed
light on the approximability or non approximability by smooth maps of maps inW 1,p(Bn, N),
where Bn is the n-dimensional unit disk. They showed that the lack of approximability
is due to the existence of “topological singular set” for u which is characterized by local
realizations by u of non-zero elements of π[p](N) around points in Bn, where [p] is the
integer part of p. (The notion of topological singular set is still vague and remains to
be precisely defined). In particular they proved that if π[p](N) = 0 then any map in
W 1,p(Bn, N) can be approximated by smooth maps for the strong topology.

In the case π[p](N) 6= 0, the best one can do is to approximate the maps inW 1,p(Bn, N)
by maps which are smooth away from a finite union Σ =

⋃r
i=1Σi of smooth (n−p−1) di-

mensional submanifolds of Bn. This set of maps is called R∞,p(Bn, N). A map v ∈
R∞,p(Bn, N) realizes elements σx of π[p](N) on the [p]-spheres centered at any point
x ∈ Σ(v) and contained in the normal [p] + 1 plane to TxΣ(v). If for some x ∈ Σ(v), σx
is non trivial, then v can not be approximated by smooth maps in the strong topology
(See [2]). Furthermore one can assign to v a π[p](N)-chain which is carried by Σ(v) with
“multiplicity” σx at each point x of Σ(v). This π[p](N)-chain can be called the topological
singular set Sv of v in R∞,p(Bn, N). One of the major questions would be to under-
stand the behavior of Svm for a sequence of maps vm ∈ R∞,p(Bn, N) converging to any
u ∈ W 1,p(Bn, N) and eventually to prove a “flat-norm” convergence of Svm to a unique
flat π[p](N)-chain Su we could call the topological singular set of u.

In this paper, we prove the convergence of the π[p](N)-chains Svm for any convergent
sequence of maps in W 1,p(Bn, N) when [p] = n− 1 if N is ([p]− 1)-connected, i.e.

π1(N) = · · · = π[p]−1(N) = 0

or when [p] = 1 if π1(N) is abelian. The problem is still open for almost every other value
for [p]. In fact, if we set for S, any integral flat chain in Bn of dimension k,

mi(S) := inf {M(T) ; T ∈ Rk+1(B
n), ∂T = Su} ,

the minimal mass of i.m. rectifiable currents taking S as the boundary, the question would
be to determine whether mi(Sum−Suk) → 0 if um converges strongly to u inW 1,p(Bn, Sp).
The answer is yes for p = 1 or n− 1, (See [5] and [16], vol II, section 5.4.2), while we do
not know whether this is the case even for the maps in H1(B4, S2).

Meanwhile, the above program should not work in the described picture for any p and
N (See [24]). But one can ask also a weaker question : Does the flat norm of Svn remain
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bounded as vm → u? This is another problem we address in this paper about the uniform
boundedness of the mass M(Tm) of a minimal connection Tm (∂Tm = Sm) as vm → u. In
this paper we will restrict to the cases where p ∈ N, πp(N) 6= 0, πq(N) = 0 for 1 < q < p
and when p = 1 we assume that π1(N) is abelian.

Related to this question is the problem of the weak density of smooth maps in
W 1,p(Bn, N). Although the density of smooth maps for the weak topology can be eas-
ily handled from the one for the strong topology (See [2] : Smooth maps are dense for
the weak topology if and only if p ∈ N), the question of the density of smooth maps in
W 1,p(Bn, N) for the sequentially weak topology , where p ∈ N, is more involved : For
p ∈ N, πp(N) 6= 0, does there exist for any u ∈ W 1,p(Bn, N) a sequence um ∈ C∞(Bn, N)
such that um ⇀ u in W 1,p? The case N = S2, p = 2 was treated by F.Bethuel, H.Brezis,
J.M.Coron and E.Lieb in [10], and [3]. F.Bethuel mentioned that the answer is yes for
N = Sp, p ≥ 2 in [2]. In [19], P.Hajlasz has proved that the answer is yes when N is
(p− 1)-connected. No counter example to the above stated question is known.

As we will explain below the control of the mass of the minimal chain connecting
Svm for vm ∈ R∞,p(Bn, N) converging strongly to u permits to give a positive answer to
the sequentially weak density of smooth maps. This appraoch is different from the one
used by P.Hajlasz and can be used for proving his theorem and some other partial results
regarding the weak sequential denstiy of maps in W 1,p(Bn, N).

Remark 1.1 We do not have always the equi-boundedness of the mass of minimal connec-
tions for Svm when vm → u in W 1,p(Bn, N) : For instance, there exist vm ∈ R3,∞(B4, S2)
such that

inf {M(Tm) ; Tm is a Z− chain such that ∂Tm = Svm} −→ +∞

as vm → u in W 1,3(B4, S2) (See [24]). However it is not excluded that the smooth maps
be sequentially weakly dense in W 1,3(B4, S2).

Recent developments by F.Hang and F.H.Lin in [20] showed that one should be careful
while considering a generic smooth compact manifold M as the domain. Specially there
are cases when the condition “Su = 0” is not sufficient to guarantee the strong approxima-
bility of u by the smooth maps in W 1,p(M,N), even when N = Sp. This happens because
the condition Su = 0 is a local one and can not “detect” probable “global” topological
obstructions in a topologically non-trivial domain.

1.2 Main results

Our first main result is the following :

Theorem 1 Let Bn be the unit disk in Rn. Assume that [p] = 1 and π1(N) is abelian or
[p] = n− 1 and N is a closed ([p]− 1)-connected riemannien manifold of dimension equal
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or greater than [p]. Then Su, the topological singular set of any u ∈ W 1,p(Bn, N), is well
defined as a flat π[p](N)-chain and the flat norm of Sum −Su converges to 0 if um → u in
W 1,p(Bn, N). Moreover u is a strong limit of smooth maps in W 1,p(Bn, N) if and only if
Su = 0.

Remark 1.2 The approach used in ([16], vol II, section 5.4.2) for defining a topological
singualarity for Sobolev maps considers only the real homological singularities. This is
not adapted when the homotopy type singularities are not seen by the real homology, as in
the case W 1,1(Bn,RP2) discussed below.

Remark 1.3 We can extend these results to [p] = 3 or 7. This will be treated in a
forthcoming paper.

We may also ask the same questions about the spaces of maps with fixed boundary
value : For ϕ ∈ C∞(∂Bn, N), admitting a smooth extension φ : Bn → N , we define

C∞
ϕ (Bn, N) := {u ∈ C∞(Bn, N) ; u = ϕ on ∂Bn}

and

W 1,p
ϕ (Bn, N) :=

{
u ∈ W 1,p(Bn, N) ; u = ϕ a.e. on ∂Bn

}
.

Theorem 1 bis Let Bn be the unit disk in Rn. Assume that [p] = 1 and π1(N) is abelian
or [p] = n − 1 and N is a closed ([p] − 1)-connected riemannien manifold of dimension
equal or greater than [p]. We assume also that ϕ is smoothly extendable into Bn. Then
u ∈ W 1,p

ϕ (Bn, N) is a strong limit of smooth maps in C∞
ϕ (Bn, N) if and only if Su, its

topological singular π[p](N)-chain, is zero.

In this paper, we give a new proof of this theorem :

Theorem 2 (Hajlasz, [19]) Let Bn be the unit disk in Rn. and N be any k-dimensional
closed manifold. Assume that for some integer 2 ≤ p ≤ k, N is (p− 1)-connected, i.e.

πq(N) = 0 for q < p.

Then for every u ∈ W 1,p(Bn, N) there is a sequence of maps um ∈ C∞(Bn, N) such that
um converge weakly to u in W 1,p(Bn, N).
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Remark 1.4 The result can also be deduced from [6] when πp(N) is torsion free, which
is not always the case. As an example, the Stiefel manifolds Vk(R

n), when n− k is odd,
are (n− k − 1)-connected and πn−k(Vk(R

n)) = Z2 is not torsion free (See [25]).

Meanwhile, our method has this privilege that it can be used also for the fixed bound-
ary case. This result is not mentionned by P.Hajlasz and can not be deduced directly
from his proof.

Theorem 2 bis Let N be a closed smooth manifold. Assume that for some integer 2 ≤
p ≤ k, N is (p − 1)-connected. Also assume that ϕ : ∂Bn → N is a smooth map,
smoothly extendable to Bn. Then for every u ∈ W 1,p

ϕ (Bn, N) there is a sequence of maps
um ∈ C∞

ϕ (Bn, N) such that um converge weakly to u in W 1,p
ϕ (Bn, N).

We can extend the above results on the sequentially weak density of smooth maps
to the Sobolev spaces W 1,p(M,N) when M is a smooth compact manifold of dimension
greater than p and N satisfies the above conditions, using the same methods. But the
proofs should be modified to surmount the obstacles related to the “global” topological
structure of M .

If p = 1, we do not prove that smooth maps are sequentially dense in W 1,1(Bn, N).
Meanwhile, assuming that π1(N) is abelian, by controling the mass of connections for a
convergent sequence in W 1,1(Bn, N), a weaker result is obtained. The non-abelian case is
more involved and will be treated in a forthcoming paper.

Definition 1.1 Let Ω be a domain in Rn and let um be a bounded sequence in  L1(Ω).
um is said to converge in the biting sense to u ∈ L1(Ω) if for every ε > 0 there exists a
measurable set E ⊂ Ω such that µ(E) < ε and um ⇀ u weakly in L1(Ω\E).

Theorem 3 Let Bn be the unit disk in Rn and N be any closed manifold. Assume
that π1(N) is abelian. then for every u ∈ W 1,1(Bn, N) there is a sequence of maps
um ∈ C∞(Bn, N) such that ∇um tend to ∇u in the biting sense.

Theorem 3 bis Let Bn be the unit disk in R
n and N be any k-dimensional closed man-

ifold. Assume that ϕ ∈ C∞(∂Bn, N) is smoothly extendable to Bn. If π1(N) is abelian,
for every u ∈ W 1,1

ϕ (Bn, N) there is a sequence of maps um ∈ C∞
ϕ (Bn, N) such that ∇um

tend to ∇u in the biting sense.
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Further observations showed that we can solve the problem for any closed manifold N
when p = 2 if π2(N) is of finite type.

Theorem 4 Let Bn be the unit disk in R
n and N be any closed manifold for which π2(N)

is finitely generated. Then for every u ∈ W 1,2(Bn, N), there is a sequence of smooth maps
um : Bn → N converging weakly to u in W 1,2.

Theorem 4 bis Let N be a s above. Assume that ϕ ∈ C∞(∂Bn, N) is smoothly ex-
tendable to Bn. Then for every u ∈ W 1,2

ϕ (Bn, N), there is a sequence of smooth maps
um ∈ C∞

ϕ (Bn, N) converging weakly to u in W 1,2.

For some technical reasons, we will prefer to replace in the proofs the domain Bn by
the n-dimensional cube Cn. Naturally this does not affect the results as these two domains
are diffeomorph to each other.

2 Preliminaries

2.1 Flat chains over a coefficient group

Let G be an abelian group. | . | : G→ R
+ is called a norm on G if

(i) ∀g ∈ G, | − g| = |g|,

(ii) ∀g, h ∈ G, |g + h| ≤ |g|+ |h| ,

(iii) |g| = 0 if and only if g = 0.

We assume that G is a complete metric space with respect to the metric d(g, h) := |g−h|.

Let K be any compact convex subset of Rn. We introduce the spaces of polyhedral
k-chains, flat k-chains and finite mass flat k-chains in K, with coefficients in G. The
readers can refer to [15] and [37] for more details.

Definition 2.1 Pk(K,G) is the space of all G-linear sums of oriented k-dimensional
polyhedras in K. For P =

∑m
i=1 gi[[σi]] ∈ Pk(K,G), where gi ∈ G and σi, i = 1, . . . , m,

are non-overlapping k-dimensional polyhedras, we define the mass and the boundary of P
respectively to be :

M(P ) :=

m∑

i=1

|gi| vol(σi),

∂P :=
m∑

i=1

gi ∂[[σi]] ∈ Pk−1(K,G).
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Definition 2.2 Let P ∈ Pk be a polyhedral G-chain. The flat norm of P is :

F(P ) := inf {M(P − ∂B) +M(B); B ∈ Pk+1 } .

Definition 2.3 The space of flat k-chains, Fk(K,G), is the F-completion of Pk(K,G).
For A ∈ Fk(K,G), we define the mass of A to be :

M(A) := inf
{
lim inf
n→∞

M(Pn) ; Pn
F−→ A, Pn ∈ Pk(K,G)

}
.

Mk(K,G) is the set of flat k-chains in Fk(K,G) with finite mass and is a complete metric
space with respect to the flat norm. Finally, for Ω being any open set in Rn, we define
Fk(Ω, G) to be the union of all the Fk(K,G) among convex compact sets K ⊂ Ω.

We recall some usefull results :

Lemma 2.1 The boundary map ∂ : Pk → Pk−1 is continuous with respect to the F-norm
and so it can be extended to a unique F-continuous map ∂ : Fk → Fk−1.

Lemma 2.2 Any homomorphism χ : G → H between groups, which is continuous with
respect to their norms, induces a F-continuous group homomorphism

χ∗ : Fk(K,G) → Fk(K,H).

Moreover, χ∗ commutes with ∂, i.e. :

χ∗(∂A) = ∂χ∗(A), ∀A ∈ Fk(K,G) (2.1)

and
M(χ∗(A)) ≤ CM(A), ∀A ∈ Mk(K,G)

if |χ(g)| ≤ C|g| for all g ∈ G.

2.2 The subspaces R∞,p(Cn, N) and R∞,p(Cn, N)

Definition 2.4 Let Cn := [−1
2
, 1
2
]n be the unit cube in Rn. u ∈ W 1,p(Cn, N) is in

R∞,p(Cn, N) if u is smooth except on Σ(u) =
∑r

i=1Σi, where for i = 1, . . . , r, Σi is a
subset of a linear subspace of Rn of dimension n − p − 1 and ∂Σi is a subset of a inear
subspace of dimension n− p− 2.

Theorem (Bethuel, [2]) R∞,p(Cn, N) (respectively R∞,p
ϕ (Cn, N)) is dense in W 1,p(Cn, N)

(respectively W 1,p
ϕ (Cn, N)) for the strong topology.



82CHAPTER IV. LES SINGULARITÉS TOPOLOGIQUES ET LES CONNECTIONS

Let u ∈ R∞,p(Cn, N). There is some compact subset of Cn, B =
⋃µ
i=1 σi, where the σi,

i = 1, . . . , µ are non-overlapping (n− p− 1)-dimensional polyhedras, such that Σ(u) ⊂ B
and that every n − p− 2 dimensional face of B belongs to at least two σi. Moreover we
can assume that any two different faces of B intersect only on their boundaries. Let

‖x‖ := max
i=1,...,n

|xi| forx = (x1, . . . , xn) ∈ R
n

and for δ > 0 put

V δ := {y ∈ Cn; ‖y − B‖ ≤ δ}
where

‖y − B‖ := inf{‖y − x‖; x ∈ B}.
Also for δ > 0 and some orthonormal base {ei1, . . . , eip+1} orthogonal to σi, set

σδi :=

{
x+

p+1∑

j=1

tje
i
j ; x ∈ σi , max

j=1,...,p+1
|tj| ≤ δ

}

and define πi : σ
δ
i → σi to be the smooth projection

πi

(
x+

p+1∑

j=1

tje
i
j

)
:= x.

For δ0 small enough, we consider a lipschitz projection π : V δ0 → B with the following
properties :

(i) V δ =
⋃µ
i=1 V

δ
i , where the V δ

i := π−1(σi) ∩ V δ are non-overlapping n-polyhedras in
Rn which intersect only on lower dimensional faces.

(ii) There are lipschitz diffeomorphisms

fi : V
δ0
i → σδ0i ,

such that





fi(V
δ
i ) = σδi ∀δ < δ0

π|V δ
i
= πi ◦ fi|V δ

i

fi([x, π(x)]) = [fi(x), π(x)] ∀x ∈ V δ
i

where by [p, q] we mean the segment joining the two points in Cn.
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Definition 2.5 For y ∈ V δ\B, let hδ(y) be the unique point on ∂V δ which is on the ray
from π(y) to y. Then naturally π(hδ(y)) = π(y) and hδ is locally lipschitz on V δ\B. We
set

uδ(y) :=





u(hδ(y)) if y ∈ V δ

u(y) otherwise
(2.2)

Definition 2.6 We set

R∞,p(Cn, N) := {uδ ; u ∈ R∞,p(Cn, N)}
and we say u is radial if u ∈ R∞,p(Cn, N).

By computing the integral of uδ on V
δ
i by the mean of fi as new coordinates we observe

that for δ1 > 0 sufficiently small, there is some constant K, depending only on B, for
which : 




∫

∂V δ

|∇u|p ≤ K

δ1

∫

V δ1

|∇u|p

∫

V δ

|∇uδ|p ≤ δK

∫

∂V δ

|∇u|p
(2.3)

for δ ∈ I0, a positive measure subset of [0, δ1].

Remark 2.1 As a result, R∞,p(Cn, N) is also dense in W 1,p(Cn, N) for the strong topol-
ogy.

We recall that there are canonical isomorphismps between πp(N, x) and πp(N, y) for
x, y ∈ N if and only if π1(N) is abelian for p = 1 and π1(N) = 0 for p > 1. We assume
that these conditions are satisfied so that we can talk about the homotopy classes of maps
from Sp into N as elements of πp(N).

Definition 2.7 Let u ∈ R∞,p(Cn, N) and Σ(u) ⊂ B =
⋃µ
i=1 σi be its singular set. Assume

that each σi is oriented by a smooth (n − p − 1)-vectorfield ~σi. For a ∈ σi, let Na be the
(p+1)-dimensional plane orthogonal to σ at a. Consider the (p+1)-disk Ma,δ = Bδ(a)∩Na

oriented by the (p + 1)-vector ~Ma such that ~σi(a) ∧ ~Ma = ξRn. u is continuous on the
p-dimensional oriented sphere Σa,δ = ∂Ma,δ. The homotopic singularity of u at σi is

[u, σi] := [u|Σa,δ
]πp(N) , (2.4)

i.e. the homotopy class of u|Σa,δ
in πp(N), which is independent of the choices of a and δ.

Definition 2.8 We define the topological singularity of u ∈ R∞,p(Cn, N) to be the πp(N)-
polyhedral chain

Su :=

µ∑

i=1

[u, σi] [[σi]] ∈ Pn−p−1(Cn, πp(N)),

where Σ(u) ⊂ B =
⋃µ
i=1 σi is its singular set.

Remark 2.2 u suffices to be continuous on Cn\B for Su to be well defined.
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2.3 A useful lemma

Let Bl be the unit disk in Rl. We denote

U l :=
{
(x, y) ∈ Bl ×Bl ; x 6= y

}

and

U l
δ :=

{
(x, y) ∈ U l ; y /∈ B(x, δ)

}
.

Definition 2.9 For (x, y) ∈ U l, we define p(x, y) to be the unique point on ∂Bl which is
on the ray from x to y.

Clearly p is well-defined and smooth on U l. As U l
δ is compact, we have for some

constant C(l, δ) > 0 :

sup
(x,y)∈U l

δ

|∇p(x, y)| ≤ C(l, δ) < +∞.

We have

Lemma 2.3 Let 1 ≤ p < l be an integer. Then

∫

B(0,1−δ)

|∇y p(x, y)|p dx ≤ C(l, p, δ) (2.5)

when C(l, p, δ) depends on l, p and δ and not on y.

Proof : Let x ∈ B(0, 1− δ). We distinguish two cases :

(i) y /∈ B(x, δ). Then (x, y) ∈ U l
δ and we get

|∇yp(x, y)| ≤ C(l, δ) ≤ 2C(l, δ)

|y − x| . (2.6)

(ii) Otherwise y ∈ B(x, δ) ⊂ Bl. Then

p(x, y) = p

(
y − x

|y − x|δ + x, x

)

and so

|∇yp(x, y)| ≤
∣∣∣∣∇yp

(
y − x

|y − x|δ + x, x

)∣∣∣∣
δl

|y − x| ≤
δlC(l, δ)

|y − x| , (2.7)

as (
y − x

|y − x|δ + x, x

)
∈ U l

δ.

Using the inequalities (2.6) and (2.7), the lemma is proved.
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3 An example : W 1,1
ϕ (C2,RP2)

3.1 Notations

Let f : S2 → R6 be the map :

f(x, y, z) := (

√
2

2
x2 ,

√
2

2
y2 ,

√
2

2
z2 , xy , yz , zx). (3.1)

f induces an embedding of the 2-dimensional Real Projective Space, RP2, into R6. A
property of this embedding is that the minimum length of the cycle homotopic to the
non-zero element of π1(RP

2) ≃ Z2 is π, independent of the choice of the base point. We
define a norm on the 2-group π1(RP

2) :

|a| := 1 if a 6= 0, := 0 otherwise. (3.2)

Also we define the map g : B2 → RP2 as follows :

g(x1, x2) := f

(
x1, x2,

√
1− (x21 + x22)

)
. (3.3)

Now let w0 = f(1, 0, 0) ∈ RP2 and put

G = f
({

(x, y, z) ∈ S2 ; z = 0
})
.

G is a length minimizing generator of π1(RP
2) passing through w0. For w ∈ RP2\G we

define the projection
pw : RP2\{w} → G

as follows :
pw(w

′) := g((p(g−1(w), g−1(w′))) ∀w′ ∈ RP
2\{w} (3.4)

where p is the map given in definition 2.9. Observe that pw is well defined for w′ ∈ G as
in this case we would have pw(w

′) = w′ independent of the choice of g−1(w′). Let us fix
ε > 0 such that

V ol(RP2\Gε) > 2π ,

where
Gε :=

{
y ∈ RP

2 ; d(y,G) < ε
}

is the ε-neighbourhood of G in RP2.

Lemma 3.1 Let G and pw be as above. Then :

(i) pw : RP2\{w} → G is well defined and smooth.

(ii) For any cycle G ′ ⊂ RP2\{w} we have :

[G ′]π1(RP2) = χ([pw(G ′)]π1(G)) (3.5)
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where χ : π1(G) ≃ Z → π1(RP
2) ≃ Z2 is an onto homomorphism.

(iii) For any w′ ∈ RP2 we have :

∫

RP2\Gε

|∇pw(w′)| dw = C0 = C0(ε) < +∞. (3.6)

Proof : We observe that g−1 is well defined and smooth on RP2\G, while in a neigh-
bourhood of G, pw is a projection along smooth curves orthogonal to G. This proves the
first part of the lemma. Now observe that the injection map i : G → RP

2 induces a
homomorphism

χ : π1(G) → π1(RP
2)

which is onto as [G] is the generator of π1(RP
2). So, since pw is smooth on RP2\{w}, we

get

[G ′]π1(RP2) = [pw(G ′)]π1(RP2) = χ([pw(G ′)]π1(G))

which proves (3.5).

Now let

Nε := RP
2\Gε

and observe that for g : B2 → RP2 as in (3.3) :

(i) Nε/2 = g(B(0, 1− δ)), for some 0 < δ < 1,

(ii) g|B(0,1−δ) is an embedding.

We prove (3.6) : Let w ∈ Nε ⊂ Nε/2. If w′ /∈ Gε/2 then since g−1 is smooth on Nε/2,
using (2.5) and (3.4), we get for some C0(δ) > 0 :

∫

Nε

|∇pw(w′)| dw ≤
∫

Nε/2

|∇pw(w′)| dw ≤ C0(δ).

If not, the map p̃ : Nε × Gε/2 → G :

p̃(w,w′) := pw(w
′)

is smooth on its compact domain because Nε ∩Gε/2 = ∅. So there exists K > 0, indepen-
dent of w,w′ for which

|∇pw(w′)| ≤ K

if w′ ∈ Gε/2, w ∈ Nε. This completes the proof of (3.6).
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3.2 Study of R∞,1
ϕ (C2,RP2)

Let u ∈ R∞,1
ϕ (C2,RP2). We observe that Su ∈ P0(C2, π1(RP

2)) is is in fact the
sum

∑µ
i=1[u, pi] [[pi]] where {p1, ..., pµ} are the singularities of u and [u, pi] is the class of

u(∂B(pi, δ)) in π1(RP
2) for δ small enough.

Definition 3.1 I ∈ F1(C2, π1(RP
2)) is a connection for u if ∂I = Su.

Proposition 3.1 For u ∈ R∞,1
ϕ (C2,RP2), there exists I ∈ P1(.2, π1(RP

2)) such that





∂I = Su

M(I) ≤ C

∫
|∇u|+ C

(3.7)

for some constant C > 0 depending only on ϕ.

Remark 3.1 Any I ∈ P1(C2, π1(RP
2)) is a set of non oriented segments while M(I) is

simply the total length of these segments.

Corollary 3.1 For any u ∈ R∞,1
ϕ (C2,RP2), there exists a connection Iu ∈ F1(.2, π1(RP

2))
of minimal mass which satisfies

M(Iu) ≤ C

∫
|∇u|+ C.

(Use the compactness result of [13], section 4.2.26, p. 432.)

Proof of proposition 3.1 : First we assume that ϕ ≡ w0 is constant. Let u be a
map in R∞,1

ϕ (C2,RP2) for which Su =
∑µ

i=1[u, pi] [[pi]]. Let A be the set of regular values
of u in RP2. By Sard’s theorem, H2(A) = vol(RP2) = 4π. We estimate the integral

J :=

∫

RP2\Gε

∫

C2

|∇(pw ◦ u)(x)| dx dw. (3.8)

We have by (3.6) :

J ≤
∫

C2

∫

RP2\Gε

|∇pw(u(x))| |∇u(x)| dwdx ≤ C0

∫

C2

|∇u|.

As a result, considering (3.8), there exists some positive measure set W ⊂ RP2\Gε such
that : ∫

C2

|∇(pw ◦ u)| ≤ C0

2π

∫

C2

|∇u| for all w ∈ W. (3.9)

Since u is radial, for some regular w ∈ A ∩W , u−1(w) is a finite subset of C2. We have :
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Fig.1
Projection of u into S1

Lemma 3.2 There exists w ∈ W such that the map

ũ := pw ◦ u : C2 → G

is in R∞,1
w0

(C2,G). Moreover if we consider the additive group Z with its usual norm, for

some Ĩ ∈ P1(C2,Z), for which ∂Ĩ = Sũ, the following properties hold :





L(Ĩ) = inf
{
L(Ĩ ′) ; Ĩ ′ ∈ F1(C2,Z) , ∂Ĩ ′ = Sũ

}

L(Ĩ) ≤ 1

π

∫

C2

|∇ũ|.
(3.10)

where L(Ĩ) is the Z-mass of Ĩ.

Remark 3.2 Observe that π1(G) ≃ Z. Moreover L(Ĩ) is the length of minimal connec-
tions connecting the singularities of ũ, introduced in [10].
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Fig.2
Connections for u and for pw ◦ u

For a proof of this lemma, see [11], propositions 1 and 2. Observe that the best con-
stant in inequality (3.10) is achieved by the mean of co-area formula as in [1].

Using lemma 3.2, we finish the proof of the proposition : Consider the homomorphism
χ in (3.5). By lemma 2.2, χ induces a group homomorphism

χ∗ : Pk(C2,Z) → Pk(C2, π1(RP
2)).

We consider Ĩ as in lemma 3.2 and we set I := χ∗(Ĩ). We deduce that

∂I = χ∗(Sũ). (3.11)

Meanwhile, by lemma 3.1, part (ii), we observe that, for all points p ∈ C2, there exists δ
small enough for which :

[u, p] = [u(∂Bδ(p))]π1(RP2) = χ([ũ(∂Bδ(p))]π1(G)) = χ([ũ, p])

and as a result :
Su = χ∗(Sũ). (3.12)

For visualizing this phenomenon see Fig.1 where we compare the singualrities of u and
pw ◦ u. Comparing this with (3.11) we obtain

∂I = Su .

Observe that |χ(z)| ≤ |z| for all z ∈ Z, thus we have by lemma 3.2 :

M(I) = M(χ∗(Ĩ)) ≤ L(Ĩ) ≤ 1

π

∫

C2

|∇(pw ◦ u)| .

So using the inequality (3.9), we get

M(I) ≤ C0

2π2

∫

C2

|∇u|.
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This completes the proof for constant boundary datas. In Fig.2 we have illustrated two
connections for u and one for pw ◦u. We show how the minimal polyhedral connection for
u (the thin dashed segments) comes to be lesser in mass from the image of any connection
of pw ◦ u under χ∗ (the thick curves).

Now consider the case of non-constant ϕ. We extend u over the cube

C̃2 := {x ∈ R
2 ; ‖x‖ ≤ 1

2
+ ε}

for some ε > 0 as follows :

u(x) := φ

(
1/2 + ε− ‖x‖

ε
x

)
∀x ∈ C̃2\C2 ,

while φ is the smooth extention of ϕ onto C2. Now u is constant on the boundary of C̃2

and we have clearly ∫

C̃2

|∇u| ≤
∫

C2

|∇u|+ C1

where C1 depends only on ϕ. Applying the proposition to u on C̃2 as above, we obtain
some I ′ ∈ P1(C̃2,Z2) for which ∂I

′ = Su and M(I ′) ≤ CE(u) + C. Now since spt Su is a
compact set in C2, we observe that there is an open U ⊂ C2 such that spt Su ⊂ U and ∂U
is a convex polygone. Let Π denote the lipschitz map which leaves U fixed and radially
projects points outside U onto its boundary. This map induces a map

Π# : Pk(C̃2,Z2) → Pk(C2,Z2)

which commutes with the boundary map. Moreover

M(Π#(I
′)) ≤ lipΠM(I ′).

So as spt Su ⊂ U , it is easy to see that I := Π#(I
′) satisfies the conditions of proposition

3.1.

Now we present another important result concerning the maps in R∞,1
ϕ (C2,RP2). The

same singularity removing proposition was proved in [3] for H1(B3, S2).

Proposition 3.2 Let I ∈ P1(C2, π1(RP
2)) be a connection for u ∈ R∞,1

ϕ (C2,RP2). Then
there are maps vm ∈ C∞

ϕ (C2,RP2) such that




vm = u on C2\Km ,

|Km| ≤
1

m
,

∫

C2

|∇vm| ≤
∫

C2

|∇u|+ CM(I) +
1

m
·

(3.13)

for some constant C > 0 independent of u.

This proposition is a special case of proposition 5.1 which is proved in the next section.
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3.3 Topological singularities for maps in W 1,1+s(C2,RP2)

We give a proof for theorem 1 for M = C2, N = RP2 and [p] = 1. Let u be a map
in W 1,p(C2,RP2) such that [p] = 1. We intend to define Su, the topological singular
chain of u as a flat Z2-chain. In fact we are to prove that for any sequence of maps
um ∈ R∞,p(C2,RP2) ⊂ R∞,1(C2,RP2), Sum is a convergent sequence in F0(C2,Z2) and
that the limit is independent of the choice of the sequence um.

Let um be such a sequence. Set as in (3.8)

Jm :=

∫

RP2\Gε

∫

C2

|∇(pw ◦ u)(x)−∇(pw ◦ um)(x)| dx dw.

We are to prove that Jm → 0. First observe that for fixed x ∈ C2

|∇(pw ◦ u)(x)−∇(pw ◦ um)(x)| ≤ C(|∇pw(u(x))|+ |∇pw(um(x))|) ∈ L1(RP2\Gε)

(See 3.6). Now, since ∇(pw ◦ um) converge for almost every w ∈ RP2\Gε to ∇(pw ◦ u), by
Lebesgue dominant convergence we get

∫

RP2\Gε

|∇(pw ◦ u)(x)−∇(pw ◦ um)(x)| dw → 0

for almost every x ∈ C2. Also we have

∫

RP2\Gε

|∇(pw ◦ u)(x)−∇(pw ◦ um)(x)| dw ≤ C0(ε)(|∇u(x)|+ |∇um|) ∈ L1(C2).

Thus, again using the Lebesgue dominant convergence, we obtain that Jm tends to 0 for
m→ +∞. As a result, there exists w ∈ RP

2\Gε such that

pw ◦ um → pw ◦ u in W 1,1(C2, S1)

and that w is a regular value for all um, i.e.

pw ◦ um ∈ R∞,1(C2, S1).

Meanwhile, any flat chain with multiplicity in Z is also a real current, defining a dual
functional on the space of compactly supported smooth differential forms. Now if we set
Spw◦u to be the real 0-current (distribution) defined as follows :

Spw◦u(α) :=
1

2π

∫

C2

(pw ◦ u)∗(dθ) ∧ dα ∀α ∈ C∞
c (C2,R),

we get

mr(Spw◦um − Spw◦u) → 0
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where bymr(S) we mean the minimal mass of normal currents getting S as their boundary
(See [16], vol II, section 5.4.2, theorem 2). Moreover, for a 0-dimensional integral flat chain
S in Rn the minimal i.m. rectifiable current taking S as the boundary is also the minimal
real current, i.e. we have

mr(S) = mi(S) := inf{M(T);T ∈ R1(R
n), ∂T = S}

(See [14]). As a result, Spw◦u is the boundary of some i.m. rectifiable current (Spw◦u ∈
F0(C2,Z)) and we get

F(Spw◦um − Spw◦u) ≤ mi(Spw◦um − Spw◦u) → 0 .

Using lemma 2.2 and (3.12) we obtain that the flat Z2-chain

Su := χ∗(Spw◦u) = lim
m→∞

χ∗(Spw◦um) = lim
m→∞

Sum

is independent of the choice of w and that F(Sum − Su) → 0. Since any two sequences
converging to u can be restructured to a single converging sequence, Su is independent of
the converging sequence um too.

Now suppose that Su = 0. Consequently for any sequence of maps um converging to
u in W 1,p(C2, S1), there is polyhedral Z2-chains Im such that

M(Im) → 0

and that spt (∂Im − Sum) ⊂ ∂C2 (This is what we call a connection when we do not fix
a boundary data). Using the same method as for the singularity removing proposition
3.2, we prove the existence of a sequence of smooth maps vm : C2 → RP2 which converge
to u in W 1,1 (Here we use the fact that M(Im) → 0). Consequently, u is homotopical
to constant on any generic 1-skeleton of C2. Using this and referring to [2], the proof
of theorem 1, we can approximate strongly u by smooth maps in W 1,p(C2,RP2). This
completes the proof of theorem 1 for this special case.

3.4 Study of sequential weak density in W 1,1
ϕ (C2,RP2)

We prove theorem 3 bis for n = 2 and N = RP2 : For every u ∈ W 1,1
ϕ (C2,RP2), there

are um ∈ C∞
ϕ (C2,RP2) such that um → u in L1(C2) and ∇um converge in the biting sense

to ∇u.

Proof : First we approximate u by a sequense uk ∈ R∞,1
ϕ (C2,RP2) (See remark 2.1).

Passing to a subsequence if necessary, we can assume that energies of uk are bounded
by the same constant. So, by proposition 3.1, there are polyhedral connections Ik for uk
such that their masses are equi-bounded. Using proposition 3.2, we construct maps uk,m,
which converge almost everywhere to uk and have equi-bounded energies too. As a result,
um,m tend in L1 to u and their gradients are equi-bounded in L1 norm. By ([16], Vol I,
section 1.2.7), ∇um,m converge in L1 in the biting sense. Furthermore the limit can not
be other than ∇u, since um,m converge strongly to u in L1.
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4 Controling the mass of connections

We assume that p > 1 and that N is a (p− 1)-connected smooth compact manifold of
dimension k ≥ p, i.e.

πq(N) = 0 for q < p.

Using the fact that N is (p− 1)-connected, we generalize the result of proposition 3.1 to
maps in R∞,p

ϕ (Cn, N). This is what we prove in proposition 4.1. As before, the main idea
is to conjugate u with a projection of N on the generators of its p-homotpy group.

Consider some triangulation of N and for 1 ≤ l ≤ k, let N l be the l-skeleton of N . So
N = Nk. Observe that by ([40], theorem (1.6), p. 215), Np is (p− 1)-connected and the
homomorphisms

χp,l : πp(N
p) → πp(N

l),

induced by the injection maps ip,l : N
p → N l, are onto. As a result, using ([17], Corollary

3.5, p. 38) , Np is of the homotopy type of a bouquet of p-spheres and we obtain that
πp(N

p) is finitely generated. Let g1, . . . , gβ be its generators. As a result, πp(N
l) is finitely

generated too. We choose its generators among {χp,l(g1), . . . , χp,l(gβ)} and we define a
norm on πp(N

l), p ≤ l ≤ k, as follows : For a ∈ πp(N
l), |a| is the smallest length of

a product of generators of πp(N
l) representing a. Observe that there is some constant

C > 0 such that
|χp,l(g)| ≤ C|g|, ∀g ∈ πp(N

p). (4.1)

Since π1(N) = 0, Su ∈ Pn−p−1(Cn, πp(N)) is well defined for any u ∈ R∞,p
ϕ (Cn, N) (See

definition 2.8). We proceed as before by generalizing the concept of connections :

Definition 4.1 We say that T ∈ Fn−p(Cn, πp(N)) is a connection for u ∈ R∞,p
ϕ (Cn, N)

if ∂T = Su.

We write

N l =

sl⋃

i=1

ξli(B
l),

where
ξli : B

l → N l
i := ξli(B

l), i = 1, . . . , sl

are diffeomorphisms and each two N l
i are rather disjoint or intersecting on a lower dimen-

sional face in N l−1.

Now let w ∈ N l
1 × · · · ×N l

sl
, w = (w1, ..., wsl) be such that wi /∈ N l−1. Define

plw : N l\{w1, . . . , wsl} → N l−1

as follows :

plw(y) :=





ξli(p((ξ
l
i)

−1(wi), (ξ
l
i)

−1(y))) if y ∈ N l
i\N l−1

y otherwise

where p is the projection defined in definition 2.9.
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Lemma 4.1 Let p+ 1 ≤ l ≤ k, then

(i) plw is well defined and locally Liptchitz on N\{w1, . . . , wsl}.

(ii) For any p-dimensional cycle G ′ ⊂ N\{w1, . . . , wsl} we have :

[G ′]πp(N l) = χl([plw(G ′)]πp(N l−1) (4.2)

where
χl : πp(N

l−1) → πp(N
l)

is the homomorphism induced by the injection map il : N
l−1 → N l.

(iii) For any w′ ∈ N l :
∫

N l
1,ε×···×N l

sl,ε

|∇pw(w′)|p dw ≤ C(p, l, ε) < +∞ , (4.3)

where for 1 ≤ i ≤ sl and 0 < ε < 1 :

N l
i,ε := ξli (B

l(0, 1− ε)) .

Remark 4.1 Since N is (p − 1)-connected, πp(N) ≡ Hp(N,Z) (Hurewicz theorem). So
the homotopy class of p-cycles in N is well defined.

Proof : Using (2.5), the lemma is proved as for lemma 3.1.

Now let us estimate the integral

J :=

∫

N l
1,ε×···×N l

sl,ε

∫

Cn

|∇(pw ◦ u)(x)|p dxdw. (4.4)

for u ∈ W 1,p(Cn, N l), for p < l. By (4.3) we have

J ≤
∫

Cn

∫

N l
1,ε×···×N l

sl,ε

|∇pw(u(x))|p|∇u(x)|p dwdx

≤ C(p, l, ε)

∫

Cn

|∇u|p.

As a result, by considering (4.4), there is some positif measure set W ⊂ N l
ε := N l

1,ε ×
· · · ×N l

sl,ε
⊂ Rlsl for which :

∫

Cn

|∇(pw ◦ u)|p ≤ C(p, l, ε)

Hlsl(N l
ε)

∫

Cn

|∇u|p ∀w ∈ W. (4.5)
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Lemma 4.2 Let l > p and ul ∈ Rp,∞
w0

(Cn, N l) for some w0 ∈ N l−1. Then there is a map
ul−1 : Cn → N l−1 and C > 0, independent of ul, such that

(i) ul−1 ∈ R∞,p
w0

(Cn, N l−1),

(ii)

∫

Cn

|∇ul−1|p ≤ C

∫

Cn

|∇ul|p ,

(iii) Sul = χl∗(Sul−1)
where χl : πp(N

l−1) → πp(N
l) is the homomorphism induced by the injection map il :

N l−1 → N l.

Proof : Let us fix 0 < ε < 1 and consider the set W ⊂ N l
ε as in (4.5). Also we fix ε1,

ε2, ε3 > 0 and 0 < δ < δ1 such that

C(l, p, ε)

Hlsl(N l
ε)

(
K2

∫

V δ1

|∇ul|p + δKε2 + ε1

)
+ ε3 ≤

∫

Cn

|∇ul|p (4.6)

where K, δ and δ1 satisfy (2.3). For almost all w = (w1, . . . , wsl) ∈ W , wi’s are regular
values for ul|Cn\V δ and ul|∂V δ , which are smooth on their domains. Using (2.3) and by
the co-area formula we obtain that for almost all w ∈ W , (ul)−1(wi) ∩ (Cn\V δ) is a finite
mass smooth submanifold of Cn\V δ, of dimension n− l, while its boundary is also a finite
mass submanifold of ∂V δ, of dimension n− l− 1. We fix such w and we observe that for
all ε′ > 0, there is fε′, some lipschitz diffeomorphism of Cn, such that fε′ is the identity
map except on a small neighbourhood of

⋃sl
i=1(u

l)−1(wi), and we have :





fε′(V
δ) = V δ , fε′(∂V

δ) = ∂V δ

(ul ◦ fε′)−1(wi) ∩ (Cn\V δ) is a polyhedral (n− l)-submanifold of Cn\V δ

(ul ◦ fε′)−1(wi) ∩ (∂V δ) is a polyhedral (n− l − 1)-submanifold of ∂V δ.

∫

Cn

∣∣∇(ul ◦ fε′)−∇ul)
∣∣p < ε′

∫

∂V δ

∣∣∇(ul ◦ fε′)−∇ul
∣∣p < ε′

(4.7)

Let ε′ = min{ε1, ε2} and denote vl := (ul ◦ fε′)δ. Using (2.3) and (4.7) we get :
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∫

Cn

|∇vl|p =

∫

V δ

|∇(ul ◦ fε′)δ|p +
∫

Cn\V δ

|∇(ul ◦ fε′)|p

≤ δK

∫

∂V δ

|∇(ul ◦ fε′)|p +

∫

Cn\V δ

|∇ul|p + ε1

≤ δKε2 + δK

∫

∂V δ

|∇ul|p +
∫

Cn\V δ

|∇ul|p + ε1

≤
∫

Cn

|∇ul|p + (δKε2 + ε1 +K2

∫

V δ1

|∇ul|p).

(4.8)

We observe that vl is continuous on Cn\B and since fε′ is a diffeomorphism, it has the
same homotopic singularity as ul on components of B. Now by (4.5) we have :

∫

Cn

|∇(pw ◦ vl)|p ≤ C(l, p, ε)

Hlsl(N l
ε)

∫

Cn

|∇vl|p . (4.9)

So as a result vl−1 := pw ◦ vl ∈ W 1,p
w0

(Cn, N l−1). Observe that by construction vl−1 is
locally lipschitz away from

Σ(vl−1) =

sl⋃

i=1

(ul ◦ fε′)−1
δ (wi) ∪ B.

Moreover by (4.7), (ul ◦ fε′)−1
δ (wi) is a finite union of (n − l)-dimensional polyhedrals

supported in Cn. Thus, since n− l ≤ n− p− 1, we can find some ul−1 ∈ R∞,p
w0

(Cn, N l−1)
such that ul−1 has the same topologic singularities as vl−1, and

∫

Cn

|∇ul−1 −∇vl−1|p ≤ ε3 .

This fact, combined with (4.6), (4.8) and (4.9) yields :
∫

Cn

|∇ul−1|p ≤
(
C(l, p, ε)

Hlsl(N l
ε)

+ 1

)∫

Cn

|∇ul|p .

We have proved so far parts (i) and (ii) of lemma 4.2. Part (iii) is a direct consequence
of (4.2) and the construction of ul−1, using the same argument as in proof of proposition
3.1 (See (3.12)).

Lemma 4.3 Let N be a (p−1)-connected smooth compact manifold. Let u ∈ R∞,p
ϕ (Cn, Np)

such that ϕ is constant. Then there exists polyhedral chain T ∈ Pn−p(Cn, πp(Np)) such
that 




∂T = Su

M(T ) ≤ C

∫

Cn

|∇u|p
(4.10)

for some constant C > 0 independent of u.
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Proof : As we observed above, Np is (p−1)-connected too and it is finitely generated.
Let g1, . . . , gβ be its generators. By ([17], Corollary 3.5, P.38), we observe that there are
smooth maps pi : N

p → Sp, i = 1, . . . , β, such that

[pi(G)]πp(Sp) = αi([G]πp(Np)) for any p− cycle G ⊂ Np, (4.11)

where, for every a ∈ πp(N
p),

a =

β∑

i=1

αi(a)gi

is its unique decomposition. Meanwhile, for every u ∈ R∞,p
ϕ (Cn, Np), pi◦u is inR∞,p

ϕ (Cn, Sp).
Since ϕ is constant, by [1] and the approximation theorem (5.6) in [15], there is Ti ∈
Pn−p(Cn,Z) such that 




∂Ti = Spi◦u

M(Ti) ≤ Ci

∫

Cn

|∇u(pi ◦ u)|p
(4.12)

where Ci > 0 is independent of u. (See also [29] for detailed discussion for S2).

Now consider the injectif group homomorphism κi : Z → πp(N), i = 1, . . . , β, defined
by κi(n) = ngi . Observe that we have

β∑

i=1

κi(αi(a)) = a ∀a ∈ πp(N
p),

which combined with (4.11) gives :

κi∗(Spi◦u) = Su .

Moreover, κi∗ satisfies
M(κi∗(T )) ≤ C ′

iM(T ),

for some constant C ′
i independent of T . We set

T :=

β∑

i=1

κi∗(Ti).

So T is a polyhedral πp(N
p)-chain, of dimension n−p and supported in Cn. Using lemma

2.2 and (4.12) we obtain

∂T =

β∑

i=1

κi∗(Spi◦u) = Su

and

M(T ) ≤
β∑

i=1

C ′
iM(Ti) ≤

β∑

i=1

C ′
iCi

∫

Cn

|∇(pi ◦ u)|p .

This completes the proof since the pi are smooth.
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Using the above stated lemmas, we prove the following important result :

Proposition 4.1 For any integer p, 2 ≤ p ≤ k, let N be a k-dimensional (p−1)-connected
compact smooth manifold. Let Cn be the unit cube in Rn. Then for u ∈ R∞,p

ϕ (Cn, N), there
is T ∈ Pn−p(Cn, πp(N)) such that





∂T = Su

M(T) ≤ C

∫
|∇u|p + C

(4.13)

for some constant C > 0 independent of u.

Corollary 4.1 For any u ∈ R∞,p
ϕ (Cn, N), there is a minimal connection Tu ∈ Fn−p(Cn, πp(N))

which satisfies

M(Tu) ≤ C

∫
|∇u|p + C.

(See corollary 3.1).

Proof of proposition 4.1 : It is sufficient to prove the proposition for ϕ = w0 ∈ Np,
constant. Using the same method as in the proof of proposition 3.1, combined with the
approximation theorem (5.6) in [15], the proof is generalized for any smooth boundary
data.

Write Nk = N and uk = u. Using lemma 4.2 successively we obtain a map up ∈
R∞,p
w0

(Cn, Np), which satisfies





∫

Cn

|∇up|p ≤ C1

∫

Cn

|∇u|p

χ∗(Sup) = Su

(4.14)

where χ : πp(N
p) → πp(N) is the natural homomorphism and C1 is independent of u. We

apply lemma 5.1 to up and get some Tp ∈ Pn−p(Cn, πp(Np)) such that

M(Tp) ≤ C2

∫

Cn

|∇up|p

and
∂Tp = Sup.

Combining with (4.14) and applying lemma 2.2, using (4.1), we observe that T := χ∗(Tp)
satifies (4.13).
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5 Removing the singularities using finite energy

In the section, we prove that we can remove the singularities of a map u ∈ R∞,p
ϕ (Cn, N)

by modifying it along one of its polyhedral connections and using an energy almost pro-
portional to the mass of the connection. The idea first appeared in [3] for H1(B3, S2).
Our proof uses a different approach since the situation is technically more involved. Note
that we use the same norm defined for πp(N) as in section 4 and the method may not work
for non-equivalent norms. This is the exact statement of what we prove in this section :

Proposition 5.1 Let p > 1 be an integer and let N be a k-dimensional simply connected
closed manifold. Assume that πp(N) is finitely generated. If T ∈ Pn−p(Cn, πp(N)) is a
connection for u ∈ R∞,p

ϕ (Cn, N), there are maps um ∈ C∞
ϕ (Cn, N) such that





um
Lp

−→ u as m→ ∞
∫

Cn

|∇um|p ≤
∫

Cn

|∇u|p + CM(T) +O(
1

m
)

(5.1)

for C > 0 independent of u. The same result holds when p = 1 if π1(N) is abelian.

First we prove two lemmas necessary for the proof of this proposition.

Lemma 5.1 For every g ∈ πp(N), there exists an open covering of N , {Ug
1 , . . . , U

g
νg},

and smooth maps
ωg,j : B

p × Ug
j → N, j = 1, . . . , νg

such that 



ωg,j(.|∂Bp, y) ≡ y ∀y ∈ N

[ωg,j(., y)]πp(N) = g ∀y ∈ N

∫

Bp

|∇xωg,j(., y)|pdx ≤ C|g| ∀y ∈ N

|∇ωg,j|∞ ≤ Cg

(5.2)

where C > 0 is independent of g and j.

Proof : Let h1, . . . , hγ be the generators of πp(N). Since N is compact we can find a
finite open covering of N , {U1, . . . , Uν}, and smooth maps

ωi,j : B
p × Uj → N
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such that for all i, j and all y ∈ N we have





ωi,j(.|∂Bp, y) ≡ y

[ωi,j(., y)]πp(N) = hi .
(5.3)

Now we write g ∈ πp(N) in its minimal length decomposition

g = hi1 + · · ·+ his ,

where s = |g|. For y ∈ N , x ∈ Bp and ρ = 1, . . . , s, we set

ωg,x(y) := ωiρ,jρ

(
sx− (ρ− 1)

x

|x| , yρ
)

if
ρ− 1

s
≤ |x| ≤ ρ

s
,

where ys := y ∈ Ujs and for ρ = 1, . . . , s− 1,

yρ := ωiρ+1,jρ+1(0, yρ+1) ∈ Ujρ .

Observe that by slightly modifying ωg,x : Bp → N , we can assume that it is smooth on
its domain. Moreover it will satisfy





ωg,y|∂Bp ≡ y

[ωg,y]πp(N) = g

∫

Bp

|∇ωg,y|p ≤ Cs = C|g|

for C > 0 independent of g and y. Another observation shows that ωg,y depends smoothly
on y in small neighbourhoods. Since N is compact, we can find a finite open covering for
it, {Ug

1 , . . . , U
g
νg}, such that for j = 1, . . . , νg

ωg,j(x, y) := ωg,y(x), if y ∈ Ug
j

satisfy (5.2).

Lemma 5.2 Let u ∈ R∞,p
ϕ (Cn, N) and Σ ⊂ Cn be an oriented polyhedral of dimension

n − p such that u is continuous on Σ except probably on its boundary. Then for every
g ∈ πp(N), there is a sequence um ∈ W 1,p

ϕ (Cn, N) and C > 0 independent of g and u such
that





um = u on Cn\Km

|Km| → 0 as m→ ∞
∫

Cn

|∇um|p ≤
∫

Cn

|∇u|p + C|g||Σ|+ 1

m

(5.4)

and
Sum = Su − g[[∂Σ]].



5. REMOVING THE SINGULARITIES USING FINITE ENERGY 101

Proof : We identify Rn with Rn−p × Rp with variables X ∈ Rn−p, Y ∈ Rp. Without
loss of generality we can assume that Σ lies in the plane Rn−p × {0}. We divide Σ in
polyhedrals of equal dimension

Σ :=

νg⋃

j=1

ij⋃

i=1

Σij

such that u(Σij) ⊂ Ug
j for all i, j. We choose B as in section 2.2 such that

νg⋃

j=1

ij⋃

i=1

∂Σij ⊂ B

and we replace u by uδ1 for δ1 small enough (See definition 2.5). This doesn’t change
much the energy of u and Suδ1 = Su, so it is sufficient to prove the lemma for u = uδ1 .
Since u is radial, we have for some constant C1 > 0

|∇u(x)| ≤ C1 if x ∈ Cn\Vδ1 , |∇u(x)| ≤ C1

‖x−B‖ if x ∈ Vδ1 . (5.5)

We set for η << δ < δ1 and (X, Y ) ∈ Cn\Vδ

vδ,η(X, Y ) :=





u(X, Y ) if (X, 0) /∈ Σ or if |Y | ≥ η

u

(
X, 2Y − η

Y

|Y |

)
if (X, 0) ∈ Σ and η

2
≤ |Y | ≤ η

ωg,j

(
2

η
Y, u(X, 0)

)
if (X, 0) ∈ ⋃ij

i=1Σ
i
j and |Y | ≤ η

2

(5.6)

We set
Ση := {(X, Y ); (X, 0) ∈ Σ, |Y | ≤ η}.

and we observe that vol(∂V δ ∩ Ση) = O(ηp). Using (2.2), (2.3) and (5.5) we get
∫

Vδ

|∇(vδ,η ◦ hδ)−∇u|p ≤ δK

∫

∂Vδ∩Ση

(
CgC2

η
+ C1

)p
≤ O(δ)

for C2 > 0 independent of δ. Moreover for fixed δ we have
∫

Cn\Vδ

|∇vδ,η −∇u|p ≤ C|g||Σ|+
∫

Ση

(
CgC2

δ
+ C1

)p

≤ C|g||Σ|+O(η).

As a result, by choosing successively suitable δ and η, um := (vδ,η)δ will satisfy (5.4).
Moreover we have

Sum = Su ± g[[∂Σ]].

If necessary, we get the good sign by replacing g by −g above.
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Proof of proposition 5.1 : We write

T =

θ∑

i=1

gi[[Σ
i]].

Put u0m := u and for i = 1, . . . , θ, let uim be the m-th element of the sequence obtained by
applying lemma 5.2 to ui−1

m for Σi, gi. We get

Suθm = Su −
θ∑

i=1

gi[[∂Σ
i]]

= Su − ∂T = 0.

and we observe that uθm satisfy (5.1). Pay attention that Suθm = 0means that uθm, restricted
to almost every small enough p-cycle in Cn, is homotopic to constant in N . Using this
and referring to [2], the proof of theorem 1, we can approximate strongly uθm by smooth
maps in C∞

ϕ (Cn, N). This completes the proof.

6 Proof of theorems 1,2 and 3

Theorems 1 and 1 bis are proved using the same arguments as for W 1,1+ε(C2,RP2),
regarding the fact that we have developped the necessary tools above. Observe that the
equality

mi(Su) = mr(Su)

holds true for any integral flat chain S in Rn if and only if S is of dimension 0 or codi-
mension 2 in Rn (See [14]). Thus our method can not be used for [p] taking a value other
than 1 or n− 1.

Considering propositions 4.1 and 5.1, theorem 2 bis is proved the same as in section
3.4. The only difference is that since p > 1, a bounded sequence in W 1,p

ϕ (Cn, N) has a
weakly convergent subsequence. Theorem 2 is proved following the same ideas. The only
important difference is that a chain T is said to be a connection for u ∈ R∞,p(Cn, N) if
spt (∂T − Su) ⊂ ∂Cn (Compare with definition 4.1).

Propositions 4.1 and 5.1 hold for p = 1, abelian π1(N), thus theorems 3 and 3 bis are
proved with the same method.

7 Proof of theorem 4

Let N be any closed manifold. We prove that the smooth maps are sequentially weakly
dense in W 1,2(Cn, N). Regarding what we proved above, we should prove the theorem for
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π1(N) 6= 0. Trying to adapt the method used for proving theorem 2 , the first problem
we confront is that in this case there are not canonical isomorphisms between the homo-
topy groups πp(N, x) with different base points. Thus, we can not talk about [u, σi] as in
definition 2.7 without fixing a base point in N . Another difficulty is that N2 may not be
of the same homotopy type as a bouquet of spheres.

For surmounting these problems we consider the smooth riemannien manifold Ñ , the
universal covering of N , and the corresponding fibration F : Ñ → N . We assume that
Ñ is embedded isometrically in some RN ′

and that F is a local isometry. We consider
N2 as defined in section 4 and again using ([40], theorem (1.6), p. 215) we observe that
π1(N) = π1(N

2) and for 2 ≤ l ≤ k, the homomorphisms

χ2,l : π2(N
2) → π2(N

l),

induced by the injection maps i2,l : N
2 → N l, are onto. Meanwhile, since N is compact,

π2(N) and π2(N
2) are finitely generated. Set

Ñ2 := F−1(N2).

Since π1(N
2) = π1(N) and using the homotopy theory, we deduce that Ñ2 is the universal

covering of N2 as a CW-complex and that F |
Ñ2 is the corresponding fibration. Observe

that this diagram is commutative :

π2(Ñ2)
χ̃2,k

−→ π2(N)

↓ (F |
Ñ2)∗ ↓ F∗

π2(N
2)

χ2,k

−→ π2(N)

(7.1)

where χ̃2,k : Ñ2 → Ñ is induced by the injection map ĩ2,k : Ñ2 → Ñ and is onto. Also

F∗ : π2(Ñ) → π2(N) and (F |
Ñ2)∗ : π2(Ñ2) → π2(N

2)

are isomorphisms. Thus, since π1(Ñ2) = π1(Ñ) = 0, using ([17], Corollary 3.5, P. 38) and

the fact that π2(N
2) is finitely generated, we obtain that Ñ2 is of the homotopy type of

a finite bouquet of spheres.

Any u ∈ R2,∞(Cn, N) can be lifted to a map ũ : Cn → Ñ as π1(Cn\Σ(u)) = 0.
(Remember that π1(Cn) = 0 and that Σ(u) is of codimension 3 in Cn). Since F is a local
isometry, we get that ũ ∈ R2,∞(Cn, N) and that

∫

Cn

|∇ũ|2 =
∫

Cn

|∇u|2 . (7.2)
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Since π1(Ñ) = 0, Sũ is well defined as in definition 2.8.

Let u ∈ W 1,2(Cn, N) and um ∈ R2,∞(Cn, N) a sequence converging strongly to u.
Using the same method as in proposition 4.1 we can prove the existence of some constant
C > 0 independent of um, and maps u2m ∈ R2,∞(Cn, N2) such that

∫

Cn

|∇u2m|2 ≤ C

∫

Cn

|∇um|2. (7.3)

Meanwhile, if we consider the liftings ũ2m ∈ R2,∞(Cn, Ñ2), we get

χ̃2,k
∗ (Sũ2m) = Sũm . (7.4)

This is a result of the commutativity of diagram (7.1) and the construction of u2m, using

the same method as in lemma 4.2. Since Ñ2 is of homotopy type of a bouquet of spheres,

using the arguments of lemma 5.1, we observe that for any map ṽ2 ∈ R2,∞(Cn, Ñ2) we

can find T2, a π2(Ñ2)-chain, supported in a finite union of smooth submanifolds of M of
dimension n− 2 and connecting Sṽ2 , such that

spt(∂T2 − Sṽ2) ⊂ ∂Cn and M(T2) ≤ C

∫

Cn

|∇ṽ2|2 , (7.5)

where C is independent of v2. Regarding (7.2), (7.3), (7.4) and (7.5), we prove the same

result for any map ũ ∈ R2,∞(Cn, Ñ) which is a lifting of a map u ∈ R2,∞(Cn, N), this

time using π2(Ñ)-chains.

Also, the equivalent statement of proposition 5.1 is proved for maps from Cn into
Ñ , though Ñ may not be compact. This is possible as π2(Ñ) is still finitely generated.

(Here we use countable proper open covers of Ñ in place of finite covers and remove
the singularities by modifying the maps in neighbourhoods of smooth (n−2)-dimesnional
polyhedrals in Cn. Applying the singularity removing proposition to ũm and its connection,
we deduce the existence of some maps ṽkm ∈ R2,∞(C2, Ñ) such that Sṽkm = 0, ṽkm → ũm in
L2-norm and

∫

Cn

|∇ṽkm|2 ≤ C

∫

Cn

|∇ũm|2 +O(
1

k
) (7.6)

are equi-bounded. Set
vkm := F ◦ ṽkm ∈ R2,∞(Cn, N).

Since Sṽkm = 0, the vkm do not realize any non trivial homotopy class of π2(N) around
their singularities. So we can apprximate them strongly by maps ukm ∈ C∞(Cn, N). By

(7.6), the ukm are equi-bounded in Dirichlet energy and for a suitable subsequence u
k(m)
m ,

they converge strongly to u in L2. So there is a subsequence of u
k(m)
m ∈ C∞(Cn, N) which

converges weakly to u in W 1,2.



7. PROOF OF THEOREM 4 105

Theorem 4 bis is proved using the same method. Also, using the same arguments we
can prove that smooth maps are sequentially dense in W 1,p(Bn, N), if πp(Ñ), being the

first non-trivial homotopy group of Ñ , is of finite type.
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Chapitre V

Étude de W 1,1(Bn, N ) pour π1(N )
non-abélien

Weak density of smooth maps in W 1,1(Bn, N)

Mohammad Reza Pakzad

Centre de Mathématiques et de Leurs Applications
CNRS, URA 1611

Ecole Normale Supérieure de Cachan
61 Avenue du Président Wilson
94235 Cachan Cedex, France
pakzad@cmla.ens-cachan.fr

We prove that smooth maps are dense in the sense of biting convergence inW 1,1(Bn, N)
when N is a closed riemannien manifold.

1 Introduction

Let Bn be the unit disk in Rn and N a closed riemannien manifold isometrically em-
bedded in RN . Set

W 1,1(Bn, N) := {u ∈ W 1,1(Bn,RN); u(x) ∈ N for a.e.x ∈ Bn}

This space inherits the strong and the weak topology ofW 1,1(Bn,RN) and is closed under
the weak convergence of maps in W 1,1. The energy of a map u ∈ W 1,1(Bn, N) is defined
to be

∫
Bn |∇u|.

Based on the work of R.Shoen, K.Uhlenbeck, X.Zheng and F.Bethuel in [36], [7],
and [2], we know that smooth maps from Bn into N are not dense in W 1,1(Bn, N) if

107



108 CHAPTER V. ÉTUDE DE W 1,1(BN , N) POUR π1(N) NON-ABÉLIEN

π1(N) 6= 0. In fact, they showed that the lack of approximability is due to local re-
alizations by u ∈ W 1,1(Bn, N) of non-zero elements of π1(N) around points in Bn. In
particular they proved that if π1(N) = 0 then any map in W 1,1(Bn, N) can be approxi-
mated by smooth maps for the strong topology. A major question would be to determine
a criteria for a map to be approximable by smooth maps in W 1,1(Bn, N), i.e. we try to
define Su, “the topological singular set ” of u, which would be equal to zero if and only if
u is a strong limit of smooth maps in W 1,1(Bn, N).

In the case π1(N) 6= 0, one can approximate the maps in W 1,1(Bn, N) by maps which
are smooth away from a finite union Σ =

⋃r
i=1Σi of smooth (n − 2)-dimensional sub-

manifolds of Bn. This set of maps is called R∞(Bn, N). A map v ∈ R∞(Bn, N) realizes
elements σx of π1(N, y) on the circles centered at any point x ∈ Σ(v) and contained in
the normal bidimensional plane to TxΣ(v). If for some x ∈ Σ(v), σx is non trivial, then v
can not be approximated by smooth maps in the strong topology (See [2]). In [31], the
author and T.Rivière observed that if π1(N) is abelian, one can assign to v a π1(N)-chain
which is carried by Σ(v) with “multiplicity” σx at each point x of Σ(v). This π1(N)-chain
is called the topological singular set Sv of v in R∞(Bn, N). Moreover, for a sequence
of maps vm ∈ R∞(Bn, N) converging strongly to any u ∈ W 1,1(Bn, N), Svm converges
in the flat norm to a unique flat π1(N)-chain Su we called the topological singular set of u.

2C

 0 
w=u(x )

x 0 b  -1

 a -1

-1b  -1 a b   a  

u

  a  
b 

  a  

b 

Fig.1
An (aba−1b−1)-type singularity dipole

This approach confronts important obstacles when π1(N) is not abelian. The major
problem is the following : If π1(N) is abelian, its elements are well defined independent
of the choice of the base point in N , i.e. we can define isomorphisms γ# between π1(N, y)
and π1(N, y

′) with the aide of smooth curves γ joining y and y′ in N . These isomorphisms
do not depend of the choice of γ and so we can identify π1(N, y) and π1(N, y

′) in a natural
manner. In this way, e.g. we can compare the topologic singularity of u ∈ R∞(B2,RP2)
around different points in the square B2 without ambiguity, though the values of u in
RP

2 near these points might differ. But, if π1(N) is not abelian, there is no canonical



1. INTRODUCTION 109

isomorphism between π1(N, y) and π1(N, y
′) for two different points y, y′ ∈ N . The iso-

morphisms γ# would depend on the homotopy class of γ and even a closed curve γ joining
y to itself may produce a non-trivial isomorphism of π1(N, y) onto itself. So, talking about
the topologic type of a singularity without fixing the base points in Bn and in N is impos-
sible and we can neither compare the topological type of different singularities nor talk
about connecting them by chains with coefficients in π1(N) as before.

Another problem we encounter in the study of this case is that u ∈ R∞(Bn, N) may
have singularities of the type aba−1b−1 which are not removable by strong convergence of
smooth maps. Meanwhile, following the method used in [31], the conjugation of u with
pa (or pb), the projections of N on the generating cycles of a (or b), will not “see” these
singularities in the first instance, since pa ◦ u (or pb ◦ u) would realise the cycles aa−1 (or
bb−1) in their respectable circle-type targets.

2C

 a -1  a  b b  -1

Fig.2
A bad connecting set for the dipole

(Not suitable for removing the singularities)

In this way, the question of defining a topological singular set for maps inW 1,1(Bn, N)
is still open for non-abelian π1(N). In this paper, we try to pave the way for understand-
ing the situation by answering another related question. If π1(N) is abelain, we can prove
that for any map u ∈ W 1,1(Bn, N), there is a sequence of smooth maps, vm ∈ C∞(Bn, N),
such that u is the W 1,1-weak limit of vm outside arbitrary small positive measure subsets
of Bn (See definition 1.1 below). The method consists in controling the mass of chains
which connect the singular chain of a map u ∈ R∞(Bn, N) to the boundary of Bn and
then removing the singularities, spending en energy proportional to the mass of these
connections (See [31]). The question is then whether this method can be modified to
prove the same result for the non-abelian π1(N) case.

For surmounting the above described problems for non-abelian π1(N), we should in-
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troduce new elements into the proof. In fact, we search a kind of connecting set Au ⊂ Bn

of dimension n − 1 for the singularities of a map u ∈ R∞(Bn, N) so that for any point
x ∈ Au we can identify a(x) : the elements of π1(N, u(x)) which should be introduced
into u (transversally to Au at x) such that the singularities of u are removed. These
connecting sets should also take into account the problems provoked by aba−1b−1-type
singularities described above. And, last but not least, the one-energy of inserted curves
producing a(x) at x ∈ Au should be controled uniformly (independent of the choice of
x and u) so that the total energy of the modification be uniformly proportional to the
volume of Au, which in its turn is controled by the energy of u. All this is possible for a
converging sequence um → u ∈ W 1,1(Bn, N). So here is the main results of this paper :

Definition 1.1 Let Ω be a domain in Rn and let um be a bounded sequence in  L1(Ω).
um is said to converge in the biting sense to u ∈ L1(Ω) if for every ε > 0 there exists a
measurable set E ⊂ Ω such that µ(E) < ε and um ⇀ u weakly in L1(Ω\E).

Theorem 1 Let Bn be the unit disk in Rn and N be any k-dimensional closed manifold.
Then for every u ∈ W 1,1(Bn, N) there is a sequence of maps um ∈ C∞(Bn, N) such that
∇um tend to ∇u in the biting sense.

Assume that ∂Bn is not empty. We may also ask the same questions about the spaces
of maps with fixed boundary value : For ϕ ∈ C∞(∂Bn, N), admitting a smooth extension
φ : Bn → N , we define

C∞
ϕ (Bn, N) := {u ∈ C∞(Bn, N) ; u = ϕ on ∂Bn}

and
W 1,1
ϕ (Bn, N) :=

{
u ∈ W 1,1(Bn, N) ; u = ϕ a.e. on ∂Bn

}
.

Theorem 1 bis Let Bn be the n-dimensional unit disk and N be any k-dimensional
closed manifold. Assume that ϕ ∈ C∞(∂Bn, N) is smoothly extendable into Bn. Then for
every u ∈ W 1,1

ϕ (Bn, N) there is a sequence of maps um ∈ C∞
ϕ (Bn, N) such that ∇um tend

to ∇u in the biting sense.

As a simplified example, consider the space W 1,1(Bn,S2), where S2 := S1
a ∨ S1

b is the
bouquet of two circles based on the point w ∈ R2. π1(S2, w) is the free (thus non-abelian)
group generated by two generators a and b. Let pa and pb be the projection of S2 onto S

1
a

and S1
b . The idea is to associate to any sequence um ∈ R∞(Bn,S2), converging strongly

to u ∈ W 1,1(Bn,S2), two points ya ∈ S1
a and yb ∈ S1

b such that

Aum := Aaum ∪ Abum := (pa ◦ um)−1(ya) ∪ (pb ◦ um)−1(yb)

is a finite union of smooth submanifolds of Bn and that for a uniform constant C > 0

vol(Aum) ≤ C

∫

Bn

|∇u|+ C.
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Inverse Images are good connecting sets for the dipole

Then the topological considerations detailed in the paper show that Aum satisfy the above
necessary conditions for suitable connecting sets. Observe that as the image of these “con-
nections” are constant in S2, the homotopy groups π1(S2, um(x)) for x ∈ Aum would have
a fixed base point. For a visulaisation of this problem compare Figures 1,2 and 3.

For generalizing these results to any smooth compact manifold M as the domain one
should be careful as there may be some global topological obstructions we did not con-
sider in this paper. Refer to the recent work of F.Hang and F.H.Lin [20] where they show
that the absence of “local” topological obstructions does not mean the approximability
by smooth maps in the strong topology. We hope to extend these results to any domain
by adapting our proofs to the new cases.

Finally we mention that the same questions about the density of smooth maps and
the topological singularities can be asked about the functional spaces H

1
2 (Bn, N), which

is also an interesting case.

2 Preliminaries

2.1 The non-abelian fundamental group

Let N be a closed smooth manifold and y, y′ ∈ N two base points. Any curve

γ : [0, 1] → N

for which γ(0) = y and γ(1) = y′, induces a natural isomorphism

γ# : π1(N, y
′) → π1(N, y)

which depends only on the homotopy class of γ. If π1(N, y) is abelian, these isomorphisms
are canonic, that is they do not depend on the choice of the curve γ. In this case we can
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talk about π1(N) without ambiguity. Otherwise, for referring to a specific element of
π1(N), we are obliged to fix a base point for π1(N). Now let us assume that y = y′ and
consider a curve γ as above. We have

γ#(a) = [γ]a[γ]−1, ∀a ∈ π1(N, y) (2.1)

where [γ] is the homotopy class of γ in π1(N, y). Naturally if π1(N, y) is not abelian, these
isomorphisms may not be trivial for [γ] 6= 0. See ([8], section VII.7) for more details.

2.2 The subspace R∞(Bn, N)

Definition 2.1 We say that u ∈ W 1,1(Bn, N) is in R∞(Bn, N) if u is smooth except on
B =

⋃m
i=1 σi ∪B0 , a compact subset of Bn, where Hn−2(B0) = 0 and the σi , i = 1, · · · , m

are smooth embeddings of the unit disk of dimension n−2. Moreover we assume that any
two different faces of B, σi and σj, may meet only on their boundaries.

Theorem 2 (Bethuel,[2]) R∞(Bn, N) is dense in W 1,1(Bn, N) for the strong topology.

Definition 2.2 Let u ∈ R∞(Bn, S1) and let B =
⋃
σi ∪ B0 be the singular set of u.

Suppose that each σi is oriented by a smooth (n−2)-vectorfield ~σi. For a ∈ σi let Na be any
2-dimensional smooth submanifold of Bn, orthogonal to σi at a. Consider the embedded
disk Ma,δ = Bδ(a)∩Na oriented by the 2-vectorfield ~Ma such that (−1)n−1~σi(a)∧ ~Ma is the
fixed orientation of Bn. Then the topological degree of u on the closed curve Σa,δ = ∂Ma,δ

is well defined and is independent of the choice of a and Na for δ small enough. We call
this integer the degree of u on σi and denote it by

degσiu .

Theorem 3 (Almgren, Browder and Lieb, [1]) Let u ∈ R∞(Bn, S1), then for any
regular value y ∈ S1,

∂[[u−1(y)]]− [[u−1(y)]]x∂Bn =
m∑

i=1

(degσiu) [[σi]]

and ∫

S1

Hn−1(u−1(y)) dy ≤
∫

Bn

|∇u| .
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3 Proof of theorem 1

As in the case where π1(N) is abelian, we should prove the existence of sets with bounded
volume, connecting the singularities of a map in R∞(Bn, N), along which we can mod-
ify the map for removing its singularities. Meanwhile, for some technical reasons, we
should use the same process for the elements of any strongly convergent sequence um ∈
R∞(Bn, N) when defining these sets.

Let us consider any map u∈ W 1,1(Bn, N) and a sequence of maps um ∈ R∞(Bn, N)
converging strongly to u. As we mentionned above, such a sequence always exist. We
should show the existence of smooth maps vm : Bn → N , such that ∇vm tend in the
biting sense to ∇u.

Step 1 : Projection of maps into some one skeleton of N

Consider some triangulation of N and for 1 ≤ l ≤ k, let N l be the l-skeleton of N . So
N = Nk. Observe that by ([40], theorem (1.6), p. 215), the homomorphism

χ : π1(N
1, y) → π1(N, y), (3.1)

induced by the injection map i : N1 → N , is onto. Also using ([17], Corollary 3.5, p. 38),
N1 is of the homotopy type of a bouquet of circles and we obtain that π1(N

1) is finitely
generated. Let f : N1 → Sβ :=

∨β
i=1 S

1
i be a homotopy equivalence between N1 and

the bouquet of β circles, S1
1 , . . . , S

1
β, embedded in some euclidean space and based on the

fixed point w.

Definition 3.1 We set

U l :=
{
(x, y) ∈ Bl ×Bl ; x 6= y

}
.

For (x, y) ∈ U l, we define p(x, y) to be the unique point on ∂Bl which is on the ray from
x to y.

Let us write

N l =

sl⋃

i=1

ξli(B
l),

where
ξli : B

l → N l
i := ξli(B

l), i = 1, . . . , sl

are diffeomorphisms and each two N l
i are rather disjoint or intersecting on a lower dimen-

sional face in N l−1. Let w ∈ N l
1 × · · · × N l

sl
, w = (w1, ..., wsl) be such that wi /∈ N l−1.

Define
plw : N l\{w1, . . . , wsl} → N l−1
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as follows :

plw(y) :=





ξli(p((ξ
l
i)

−1(wi), (ξ
l
i)

−1(y))) if y ∈ N l
i\N l−1

y otherwise

where p is the projection defined in definition 3.1. Set for 1 ≤ i ≤ sl and 0 < ε < 1

N l
i,ε := ξli (B

l(0, 1− ε))

and
N l
ε := N l

1,ε × · · · ×N l
sl,ε

.

We proved in [31] that
∫

N l
ε

∫

Bn

|∇(plw ◦ u)(x)|dx dw ≤ C(l, ε)

∫

Bn

|∇u|,

where C(l, ε) is independent of u. Moreover, for any sequence of maps um ∈ R∞(Bn, N)
converging to u we have

Jm :=

∫

N l
ε

∫

Bn

|∇(plw ◦ um)(x)−∇(plw ◦ u)(x)| dx dw → 0 as m→ +∞ .

The proof is the same as the one given forW 1,1(B2,RP2) in [31]. Meanwhile, observe that
for fixed w ∈ N l, the isomorphisms

κy := γ# : π1(N, p
l
w(y)) → π1(N, y), (3.2)

where γ : [0, 1] → N , γ(0) = y, γ(1) = plw(y) is any smooth curve, are independent of the
choice of γ if its trajectory lies entirely in (plw)

−1(plw(y)). This is because any connected
component of (plw)

−1(plw(y)) is simply-connected. Moreover, for any curve α : [0, 1] → N ,
α(0) = α(1) = y, we have

κy ◦ χ ([plw ◦ α]) = [α], (3.3)

where χ is as in (3.1).

Proposition 3.1 Let u and um ∈ R∞(Bn, N) be as above. Then, there are wl ∈ N l
ε,

1 < l ≤ k, such that for all m

(i) ul−1 := plwl
◦ ul ∈ W 1,1(Bn, N l) and ul−1

m := plwl
◦ ulm ∈ R∞(Bn, N l−1)

(ii) ul−1
m → ul in W 1,1

(iii)

∫

Bn

|∇ul−1
m | ≤ K(l, ε)

∫

Bn

|∇u|+K

(iv) We have
κum(x) ◦ χ ([u1m ◦ α]) = [um ◦ α],

where α : [0, 1] → Bn, α(0) = α(1), is any smooth curve avoiding the singularities of u1m.
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Regarding the above statements, the proof of this proposition is straightforward.

Step 2 : Defining the inverse images which connect the singularities of um

Fix suitable ε > 0 and consider the sequence u1m according to proposition 3.1. Observe
that u1m = P ◦ um where

P := p2w2
◦ . . . ◦ pkwk

.

Set

ũm := f ◦ u1m : Bn → Sβ .
f can be assumed to be smooth, so ũm ∈ R∞(Bn,Sβ). Also, again by propositon 3.1, for
some constant C > 0 independent of m

∫

Bn

|∇ũm| ≤ C

∫

Bn

|∇u|+ C. (3.4)

We have then

Proposition 3.2 For i = 1, . . . , β, there is yi ∈ S1
i , yi 6= w, a regular value of f ◦ P,

such that yi is a regular value for any ũm and that for a subsequence of um we have

Hn−1(ũ−1
mk

(yi)) ≤ C ′

∫

Bn

|∇u|+ C ′,

for C ′ > 0 independent of m.

Proof : Observe that we can project smoothly Sβ on each of the circles S1
1 , . . . , S

1
β.

Composing ũm with these projections we obtain maps um,i : B
n → S1

i of energies lesser
than that of ũm. Also for y ∈ S1

i , different from w, ũ−1
m (y) = u−1

m,i(y). So by theorem 3
and (3.4) we obtain ∫

S1
i

Hn−1(ũ−1
m (y)) dy ≤ C

∫

Bn

|∇u|+ C.

Thus, by Fatou’s lemma

∫

S1
i

lim inf
m→+∞

Hn−1(ũ−1
m (y)) dy ≤ C

∫

Bn

|∇u|+ C.

As a result, the subset

{
y ∈ S1

i ; lim inf
m→+∞

Hn−1(ũ−1
m (y)) ≤ 1

2π
(C

∫

Bn

|∇u|+ C)

}

is of positive measure in S1
i . This, combined with Sard’s theorem, completes the proof.
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Now observe that we can write

ũ−1
m (yi) =

µi⋃

j=1

Ai,jm ⊂ Bn

and

(f ◦ P)−1(yi) =

νi⋃

k=1

Bi,k ⊂ N

where Ai,jm and Bi,k, respectively the connected components of ũ−1
m (yi) and (P ◦ f)−1(yi),

are smooth submanifold of Bn and N . Moreover, it is obvious that um(A
i,j
m ) ⊂ Bi,k for

some 1 ≤ k ≤ νi.

Using the isomorphisms κy defined above, we want to associate a unique, well defined
element of π1(N, y), a

i,k
y , to any y ∈ Bi,k. Since f is a homotopy equivalence, the f−1(yi)

are simply-connected. As a result, since P(Bi,k) ⊂ f−1(yi), the B
i,k are simply-connected

too (See (3.3)). Let ai ∈ π1(Sβ , yi) be the homotopy class representing the curves which
make only one turn over S1

i in one fixed direction. Let y′ ∈ f−1(yi). Since f is a homotopy
equivalence,

aiy′ := (f#)
−1(a) ∈ π1(N

1, y′)

is well defined. We set for y ∈ Bi,k

ai,ky := ky ◦ χ(aiP(y)) ∈ π1(N, y)

which is well defined by (3.2). Observe that by ([8], section VII, theorem 7.2), for any
γ : [0, 1] → Bi,k we have

γ#(a
i,k
γ(1)) = ai,kγ(0) . (3.5)

Step 3 : Modifying a map along the connecting sets

Here is the main result of this step :

Proposition 3.3 Let um and Ai,jm as above. Then there are maps vm,m′ ∈ C∞(Bn, N)
such that





vm,m′

L1

−→ um as m′ → ∞

∫

Bn

|∇vm,m′ | ≤
∫

Bn

|∇um|+ C

β∑

i=1

µi∑

j=1

Hn−1(Ai,jm ) +O(
1

m′
)

for C > 0 independent of u.
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This singularity removing proposition is proved using the same methods as in ([31],
proposition 2.4) with slight modifications. The only major difference is that we need a
new version of ([31], lemma 2.9) :

Lemma 3.1 For every 1 ≤ i ≤ β, and avery 1 ≤ k ≤ νi, there exists an open covering
of Bi,k, {U i,k

1 , . . . , U i,k
ri,k

}, and smooth maps

ωi,kr : [0, 1]× U i,k
r → Bi,k, r = 1, . . . , ri,k

such that 



ωi,kr (0, y) = ωi,kr (1, y) = y ∀y ∈ Bi,k

[ωi,kr (., y)]πp(N,y) = ai,ky ∀y ∈ Bi,k

∫ 1

0

|∇xω
i,k
r (., y)|dx ≤ C ∀y ∈ Bi,k

|∇ωi,kr |∞ ≤ C

where C > 0 is independent of i and k.

Using the compatibility condition (3.5) the proof of this lemma is straightforward.

Step 4 : End of proof for theorem 1

Remember that ũ−1
m (yi) is the distinct union of the Ai,jm . So, by propositions 3.2 and

3.3, vm,m tend in L1 to u and their gradients are equi-bounded in L1 norm. By ([16], Vol
I, section 1.2.7), ∇vm,m converge in L1 in the biting sense. Furthermore the limit can not
be other than ∇u, since vm,m converge strongly to u in L1.

Theorem 1 bis is proved following the same method.

The author is grateful to Tristan Rivière for having drawn his attention to this problem
and for the fruitful discussions we had about it. This research was carried out with
support provided by the French government in the framework of cooperation programs
between Université de Versaille and I.P.M., Institute for studies in theoretical Physics and
Mathematics, Iran.
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