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Abstract We show that an isometric immersion y from a two-dimensional domain
S with C'** boundary to R? which belongs to the critical Sobolev space W22 is
C! up to the boundary. More generally C! regularity up to the boundary holds
for all scalar functions V e W2>2(S) which satisfy det V2V = 0. If S has only
Lipschitz boundary we show such V can be approximated in W22 by functions
Vi € W N w22 with det V2V, = 0.

1. Introduction

In this paper we study isometric immersions y from a two-dimensional set S to
R3 which are in the Sobolev class W22, i.e. V2 yisin L? (this is equivalent to the
condition that the second fundamental form A is in L?). The motivation to study
this class arises on the one hand from geometry (where the class W>? corresponds
to an interesting borderline case) and on the other hand from nonlinear plate the-
ory, where the W22 isometric immersions form the natural class of admissible
functions.

Regarding geometry it is well known that C? isometric immersions have a
good classification and enjoy strong rigidity properties while the celebrated results
of Nash [6] and Kuiper [11] show that C 1 isometric immersions can be much more
complicated (e.g. the image of S? can be contained in an arbitrarily small ball). The
class W22 lies somewhat in between. We have information on second derivatives,
but only in an integral sense (C! surfaces with even weaker properties have been
studied by Pogorelov [16], [17, Chapter IX]). As we will see in this class the usual
geometric properties still hold, in particular the image is a ruled surface (see Theo-
rem 4 below). This is no longer true if we make the slightly weaker assumption that
V2yisin L7, for all p < 2. In that case a conical singularity can occur (consider
e.g. polar coordinates (x1, x2) = (r cos ¢, r sin ¢) and the one-homogeneous map
y(x) = (%r cos 2¢, %r sin 2¢, %«/gr)).
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Regarding elasticity, the above class arises naturally in the geometrically non-
linear theory of plates, first formulated by Kirchhoff [10] and recently rigorously
derived from three dimensional nonlinear elasticity by variational methods [2] (for a
derivation under more restrictive hypotheses see [14, 15]). In this theory the admis-
sible maps are isometric immersions and the energy is |, g Q2(A) where A is the
second fundamental form and Q> is a positive definite quadratic form. From this
one easily sees that finite energy implies y € W22 (see [2], Remark (vii) after
Theorem 6.1).

In general maps in W22 just fail to be in C'! (critical Sobolev embedding). This
first main result asserts that isometric immersions are in C! up o the boundary, if
S is sufficiently regular (for Lipschitz S the gradient may blow up at the boundary,
see Remark 7 below).

Theorem 1. Suppose that « > 0 and that S C R? is a bounded domain with C'*
boundary, i.e. 3S can be covered by finitely many charts in which 3S is a C1¢
graph and within each chart S lies above that graph. Let y € W>2(S,R3) be an
isometric immersion, i.e (Vy)'Vy = Id almost everywhere. Then y is C' up to
the boundary, with a logarithmic modulus of continuity. More precisely there exists
a constant (depending only on S) such that for r < R/4 < Ro(S) and for every
xes

oscp(,nns Vy < CIn™2R/DIVA Yl 25 pyns)
= Cln_l/z(R/r)l|A||L2(B(x,R)ﬂS)‘
Here oscp(x,r) f denotes the oscillation of f on a ball of radius r around x, i.e.
the diameter of the image f(B(x,r)). To prove this estimate we use the fact that
each component of y* of y satisfies det V2y* = 0 (this is classical for smooth iso-

metric immersions, for the W22 case see Proposition 3 below). We then establish
the oscillation estimate for V'V for all scalar functions V € W22(S) which satisfy

det V2V = 0, (1)

see Theorem 6 below. Equation (1), which is equivalent to the fact that the Gauss
curvature of graph V vanishes, also plays an important role in the study of isome-
tries which are close to the trivial map x +— (x, 0). To study them it is natural to
consider the ansatz

y(x) = (x :éz(;])(x)), where U : S — R, V : § — R. )
The condition that y is an isometry becomes

(VU + (VU)T + vV @ VV) + 8*(vU) VU = 0, 3)
and it is natural to consider the formal linearization

VU +(VU)T +VV @VV =0. )

Suppose that V € W22 is given. Then one can easily check that (1) is a necessary
and sufficient condition for the existence of a U satisfying the linearized relation (4).
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If in addition §|VV| < 1 then the same condition is necessary and sufficient for
the existence of a U satisfying the full isometry condition (3) (see [4]).

Thus one is interested whether condition (1) already implies that V' is Lipschitz.
For C'** domains one even has C! regularity up to the boundary (see Theorem 6
below). For Lipschitz domains, however, VV may be unbounded, see Remark 7
below. We show that nonetheless V'V can be approximated in W22 by Lipschitz
functions which still satisfy (1).

Theorem 2. Suppose that S C R? is a bounded Lipschitz domainand V.€ W>2(S)
satisfies

det V2V = 0.

Then there exists an increasing sequence of open subsets Sy and maps Vi, € W22(S)
such that

IVVillLosy <k, Vi =V inS,

V2Vi =0 aeonS \ Sk,

0
U Sk =S.
k=1

In particular we have det V2V, = 0, IVVillz2 < [IVV]|i2 and Vi — V in
W22(S).

Applications of these results to the derivation of plate theories from three dimen-
sional nonlinear elasticity and to the stability analysis of plates are discussed in
[4,5].

2. Properties of W2 isometric immersions and solutions of det Vv = 0

Following [4] we first review some general properties of isometric immersions for
the convenience of the reader. These properties are classical for smooth maps, but
we will need them for W22 maps. For a general W2 map y : S — R? we define
the induced metric by g;; = y,; - y,j and we setn = y | Ay and

Aij = —DY,ij - n. (5)

If y is an isometric immersion, i.e. if g;; = 6;;, then n is the normal to the image
of y and A is the second fundamental form.

Proposition 3. Suppose that S is a bounded Lipschitz domainand y € W2(S; R3)
is an isometric immersion. Then

vij = —Ajjn, (6)
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Aj12 = Ay, for i=1,2, (7N
in the sense of distributions. Moreover
det A = 0. (3)

Proof. This follows from standard approximation arguments. Since g;; = §;; we
have |n| = 1. Differentiation of g;; yields after a short calculation that y ;; - y x =0
a.e. Thus y ;; is parallel to n and this proves (6). To establish (7) first note that for
smooth y we have the identity

Ajip—App1=—yi1-h2+Yyi2-n]1 9

By approximation this identity holds in the sense of distributions if y € W22, By
(6) the vector y ;; is parallel to n (a.e.), but n y is perpendicular to n, since |n| = 1.
This proves (7).

Finally to establish (8) we start from the identity

811,22 + 822,11 —2812,12 = 2y,12 - ¥,12 — 2¥,11 - ¥,22- (10)

This holds pointwise for smooth y and by approximation it holds in the sense of
distribution for y € W22, For an isometric immersion the left hand side vanishes
and together with (6) this proves (8). O

If y is smooth then one can deduce from (8) that locally the image of Vy is
either a constant or a smooth curve. In the latter case one can further conclude that
Vy is constant on lines defined by the kernel of A. For C? isometric immersions
this assertion is contained in the more general results of Hartman and Nirenberg [7].
Pogorelov [16, Chapter II], [17, Chapter IX] has obtained the same result under very
weak hypotheses. He only requires that the immersion is C! and that the image of
the Gauss map has measure zero in S2. A short proof under the stronger hypothesis
that the isometric immersion is in W22 was recently given by Pakzad [13], using
an idea of Kirchheim [9]. For later use we state his result both for functions (with
det V2V = 0) and for isometric immersions.

Theorem 4. [13] Let S be a bounded Lipschitz domain. Suppose that V.e W>%(S)
with det V2V = 0. Consider the open set

S1 ={x € S : VVis constant in a neighbourhood of x}. (11

Then through every point x € S\ S| there exists a line segment which intersects 0.5
at both ends and on which V'V is constant. Different line segments do not intersect
in S.

The same characterization holds for an isometric immersion in W2’2(S :R3 ).

Even though a general function in W22(S) need not be C' for isometric immer-
sions (and more generally for solutions of det V2V = 0) one can easily obtain an
interior C! estimate.
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Proposition 5. Suppose that V€ W>2(S) and det V2V = 0. Then V € C'(S). If
B,(x) C Br(x) C S we have more precisely

R _
oscg, VV < C(ln ;) Y2IV2V || 128p) (12)

where oscp, [ := diam f(B)).

Proof. Following Kirchheim we set f = VV and g(x) = f(x) 4+ §(—x2, x1) and
g is in the borderline space W'-2. By a result of Vodopyanov and Goldstein [19]
g is therefore continuous (see also [18,8,1]). In fact g is a monotone map, i.e.
oscp, § = 0scyp, &, for all r. From this one easily sees that g and hence f have the
asserted modulus of continuity (see [12], Thm. 4.3.4). We sketch the details for the
convenience of the reader. By Fubini’s theorem g belongs to W!2(d B,; R?) for
almost every r. The Sobolev embedding theorem applied to the one-dimensional
set d B, yields, for a.e. 7 € (p, R)

1/2
0SCp, g < 0SCp, & = 0SCyB, § < /T (f |Vg|2) :
9B,

Now take squares, divide by r and integrate from p to R. This gives the estimate
for g and the one for f follows by letting § go to zero. O

3. C! estimates up to the boundary
In this section we establish the following estimate.

Theorem 6. Suppose that « > 0 and S C R? is a bounded domain with C'*
boundary. Suppose V. W>2(S) satisfies

det V2V = 0.

ThenV is C! up to the boundary and there exist constants Ry(S), C(S) (depending
only on S) such that forr < R/4 < Ro(S) and for every x € S

0scg(x.nns VV < C) I~ 2(R/MIIVAVII 208 m)ns)

This implies in particular Theorem 1 since by (6) and (8) each component y*
of an isometric immersion satisfies det V2 yk = 0. Moreover (6) also shows that
[V2y] = |A

Remark 7. The result does not hold for Lipschitz domains. Consider for example
the truncated cone {(x1, x3) : x1 € (=1, 1), |x1| < x2 < 1}and V (x) = v(xp) with
v (0) = ooandfo1 t|v"(1)|? < 0o.One may takee.g. v'(f) = |Int|%,0 < a < 1/2.
A slight modification shows that even C! domains are not sufficient. One needs a
certain logarithmic modulus of continuity of the normal.
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The proof of Theorem 6 uses the condition det V2V = 0 only to deduce the
existence of the line segments which appear in Theorem 4. To stress this and in view
of possible future applications we will in the following only use this condition. We
say that a function f : § — R? satisfies condition (L) if the following holds:

Let S7 be the open set on which f is locally constant. Then through every
pointx € S\ S; there exists a line segment which intersects 9§ at both ends
and on which f is constant. Different line segments do not intersect in S.

To prove Theorem 6 we first use the condition (L) together with the Poincaré
inequality to derive an oscillation bound on half-discs. The main point is then to
establish the oscillation bound on line segments normal to the boundary. For this
it suffices to consider domains whose boundary is a ‘parabola’ x, = |x1|'** and
we study these in Lemma 9. The heuristic idea is simple. Suppose for simplicity
that through every point there is a line segment on which f := VV is constant.
If these line segments intersect the boundary transversally at a point x then their
length is bounded from below and one can apply the Poincaré inequality normal to
the line segments to obtain an oscillation bound. Suppose now that the slope of the
line segments approaches that of the tangent at x. In the extreme case that all line
segments are parallel to the tangent we are exactly in the situation of Remark 7,
but now the C1¢ regularity of the boundary implies that the length of the segments
scales like le/ 7 where X7 is the normal variable. Hence one obtains a less degen-
erate weight in the one-dimensional estimate and one easily obtains the oscillation
estimate from the Cauchy-Schwarz inequality. The estimates (25)—(27) capture this
fact in the general situation where the lines may not all be parallel to the tangent.

We begin with the oscillation estimate on half-discs BT (x,r) = {y € R2 :

ly — x| <r,y2 > x2}.

Proposition 8. Suppose that f € W'-2(S, R?) has property (L) and that the closure
of B (x, R) is contained in S. Then forallr < R/2

B R
oscg+(x,r) f = Cln 12 (7) ||Vf||L2(B+(x,R))' (13)

Proof. We may suppose without loss of generality that the half-discs are centered
at zero. Moreover it suffices to compare f(0) to f(y) with |y| < r. Suppose first
that both through 0 and through y there exist a line segment on which f is constant
and denote them by /o and /. In polar coordinates (p, ¢) the first segment is given by
¢ = ¢@o while the part of the second segment which lies in the annulus 7 < p < R
can be decribed by a bounded function ¢ = h(p). An application of the Poincaré
inequality in polar coordinates yields

[f () = FOF < Clh(p) - <,00|/O/ L IVSPan!

9B,NB

Dividing by p and integrating over p from r to R we obtain (13).

If 0 or y belong to the set S; where f is locally constant consider the segment
from O to y. If all points on this segment belong to S then f(0) = f(y). Otherwise
let p and g be the points on the intersection of the segment and 9.5; which are
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closest 0 and y, respectively. Then f(p) = f(0), f(g) = f(y).Let R" = R —|p|,
r' =r —|p|. Theng € BT (p, r') and the closure of BT (p, R’) is contained in S.
Hence by the previous argument we obtain the desired bound with R/r replaced
by R’/r’. Since the latter quantity is bigger than or equal to the former this finishes
the proof. O

‘We next estimate the oscillation in normal direction. For this it suffices to con-
sider a parabola shaped domain, see Fig. 1.

Lemma 9. Consider the domain
Q={(x1,x2) 1 x1 € (=2,2), |y "™ < xp <29},

Suppose that f € W12(Q; R?) has the property (L) (with respect to 2) and con-
sider

F(t) = f(0,1).

Then

_ 1
|F(t) = F()] < Cln~'/2 (m)nwnm), vi,t' € (0,1).  (14)

Fig. 1 The parabolic domain €2 and the domains €2 (#) generated by line segments through
the points (0, t)
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Proof. We first prove the result under the additional assumption that through every
point (0, t) (with# < 1) there is a line segment (touching d€2 at both ends) on which
f is constant. Let s(¢) be the slope of this segment and let —/~(¢) and [* () denote
the x; coordinates of the left and right intersection point of the segment with 9<2.
Let further €2(¢) denote the area under the line segment (see Figure 1) and set

G@t) = / IV fI?>dx.
Q1)

We will show that F, G and s are absolutely continuous and satisfy, for a.e. t €
0, D,

|F] < |GIY2(1 +s2(0) V2012 (), (15)

where

h(t) = In(1 4 ()| (1)) (16)

1
NOJ
and [(r) = max(I~(¢), [T (1)). Together with simple geometric estimates on [+ and
I~ and a short calculation (see Proposition 10 below) this will imply (14).

Step 1. Estimates for /* and a W!-! estimate for 8 = arctans.

Note first that we can assume that the slope s is finite at each point (0, 7).
Otherwise f is constant on the segment ¢ — (0, ) and there is nothing to show.
Assume for the moment s > 0. If the line segment through (0, ) does not intersect
the upper boundary x, = 2! then /*(r) are given by the equations

t4siT =N, —sim = (),
Thus

l+ > tl/(l—l—ot)’

I~ > min (t/(Zs), (t/4)1/(1+°‘)) . (17)

If the line segment does intersect the upper boundary x, = 2!+% then It > 1/s
(here and in the following we always assume ¢ < 1). Hence we always have, for
s(t) = 0,

I () > min (s—l, t1/<1+a>) (18)

For s(t) < O the roles of /™ and [~ are interchanged.
By property (L) different line segments do not intersect in €2. From this we
easily conclude that s is locally Lipschitz and

S| < ———.
S = min(l—,[T)

To obtain better integral estimates for s we first show that |s| is almost increasing
in t. Suppose again that at the point # we have s(#) < 0. Then the upper derivative

st +1)—s50) 0)

s+ (¢) := lim sup max ( "

=0
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satisfies

1
§y < = < max(:~ V1 g,

Combining this with an analogous estimate for s_ if S(t) >0 we get
/ | | = ( ! 1 | |) (1 )
—_— max(s I!te, . 9
" N N

From this we easily deduce that the function ¢ > ¢’ (|s|(z) + %t“/ 4oy {5 increas-
ing and we obtain a W!-! bound for this function (and hence for |s| and s) in terms
of s(1), the slope at ¢+ = 1. This slope, however, cannot be controlled in terms of
V f alone and it is therefore more convenient to work with the angle

B = arctan s

instead of the slope. From (19) we get

1 d

1
- —|s| <t TH, fort e (0,1).
Trs2ar = ©.D

d 1Bl =

"
Thus %|/3| > —t~1/04) and hence o = |B| + &%t“mﬂ) is monotone. Since B
takes values in (—mr /2, 7 /2) we get

1—¢ . 1+a
/ lo|=0(1—¢)—0o(e) <m/2+ .
e o

Thus we can take ¢ = 0 and we deduce that

1
o <C. (20)
o

1 1
/ IBIdf=/ BI'ldt <m/2+2
0 0

Step 2. The function

G0 = [ (vsiax
Q(t)
is absolutely continuous. To see this let

U={(y1,y):—1"() <y <IT(»), 0<y <1}

and consider the change of variables ® : U — (1) given by

n 0 1
» »2 s(y2)

Thus the image of y; — ®(y1, y2) is exactly the line segment through (0, y;) on
which f is constant. Since these line segments do not intersect @ is a bijection.
Moreover

1 0

Ve = (s(yz) 1+ y15(32)

), det VO () = 1+ y15(y2).
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In fact non-intersection of the line segments implies that 1 4+ y;s(y2) > 0in U, so
that @ is locally Bilipschitz. Thus the area formula yields

t eIt ()
G() = / f IV 2@ 1, y)) (L + y15(2)) dyi dys.
0 J=I7(y)

Since the integrand is nonnegative and G(¢) < G(1) < C Fubini’s theorem shows
that the inner integral defines a function in L' (0, 1). Thus G € W1(0, 1) and

. It (1)
G@) = /1 ()lVfIZ(CD(yl, y2)) (1 + y1s(y2)) dy1, (22)
—I—(t

1 1
[ |G|d;=/ G'dt:G(l)g/ IV FI*dx. (23)
0 0 Q

Step 3. Estimates of F in terms of G.
By the definition (21) of ® we have

F(y2) = f(®(y1,y2)) foryeU. (24)

Since & is locally Bilipschitz the function f o ® isin Wlf)’f and thus absolutely con-
tinuous on a.e. interior line segment in y, direction. Thus F is absolutely continuous
on every interval (g, 1 — ¢), with ¢ > 0, and by the chain rule

F(y2) = @) @) + y15(32)

for a.e. y;. Differentiating (24) with respect to y; we see that

0= (01 )P+ 52 @2 /) (P(y)).

Thus
IF1(v2) < (1 +s2(2)) "2V A@ON 1+ y15(2). 25)
Let
C)) dyi
h = _ 26
(2) /_1(y2) 1+ y15(y2) (26)

Now divide (25) by (1 4+ y;15(y2)), integrate in y; and use the Cauchy-Schwarz
inequality in connection with (22). This yields

IF1(v2)h(32) < (145> 2)) 216 o)1= (1) 27)

and hence (15). To verify (16) it suffices to restrict the integral in (26) to (0, [T (y2))

or to (=17 (y2), 0).
To prove (14) we use the change of variables s = tan 8 and obtain

|F| < 0'?|1G|"2, (28)
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where

$(1) 1 B 1B()|

“0 =150 In(1L+ OO In(1+ (1 +s2)I0]B1)])

If s > 0 we can now apply (18) to estimate /™ from below; is s < 0 we have a
similar bound for /™. Thus in eihter case we get

2
(1 +s2e)I) > min( e )(t) t1 a) > (THa

Now using (28) and (23) we get

fo+e 1B

|F(to + ) — F(to)| < (/to In(1 + ¢1/(+)| 4]

12
df) NV 2

and the assertion (14) follows from the L! bound (20) on /3 and Proposition 10
below.

Step 4. It remains to remove the additional assumption that through every point
(0, t) there exists a line segment (touching d<2 on both ends) on which f is con-
stant. Let €21 be the open set on which f is locally constant. Then the line segments
considered above exist only for (0, ¢) € E = ({0} x (0, 1)) \ €21. Hence the slope
function is only defined on E. On the maximal intervals (a, b) of 21N ({0} x (0, 1))
we define an interpolation as follows. If s(a) = s(b) set§ = s(a) = s(b) in (a, b).
If s(a) # s(b) let x = (X1, X2) denote the intersection point of the lines through
(0, a) and (0, b). Note that this intersection point must lie outside €2 by property
(L). Define 5(¢) such that the line through (0, ¢) goes through x, i.e.

- Xo —t
5(t) = =——, fort e (a,b).
X1

In particular s is affine on (a, b) and satisfies the same estimates as the function s
considered in Step 1.

Thus if we define ® using the extension § then @ is again a bijection and locally
Bilipschitz, and (22) and (24) hold. Thus F is absolutely continuous (on compact
subintervals) and (25) holds with s replaced by 5. Now we can conclude as before.
O

Proposition 10. Ler B € W1 (0,1),0 <y < 1. If0 <ty < 19+t < 1 then, for
alln € (y, 1),

/m+r Vi e ] /Iﬁl +LLTI " 29)
n  In(1+17]B]) _(n—y)ln(l/f) —nln

Proof. After replacing B(t) by B(tp + t) we may suppose fo = 0. We subdivide
(0, 7) as follows

Ey={te0,v:|fl<t™), Ey={te©1):|8 >t



324 S. Miiller, M. R. Pakzad

Since x + In(1 4 x) is concave on R, we have

In(l + x) >

In(1
Mx, if0 <x <y.
y

Applying this with x = ¢¥|| and y = ¥~ we see that on E; the integrand is
bounded by
Bl " !

- < —t "
t¥|B| In(1 +¢7=") ~ In2

On E; the integrand is trivially bounded by
Bl _ 1]
In(1 +7=1) = (n —y)In(1/7)’
Thus (29) follows. O

We are now in a position to combine the local results to obtain the global
estimate.

Proof of Theorem 6. First note that we may assume without loss of generality that
S is such that at each boundary point p the set S contains the parabolic domain
2 (up to rigid motions) considered in Lemma 9. Indeed, by assumption there
exists a radius ryp and a Holder constant M such that for each boundary point
p there exists an orthornomal coordinate system and a C'** function g such that
p =1(0,0),0SNB(0, ry) C graph g, SN B(0, o) lies above graph g, g/(0) = 0 and
Ig'(x1) — &' (y1)| < M|x1 — y1]%. Now let R = 4+® max(rg, M'/*) and consider
the rescaled set RS. Then at each boundary point of RS the set RS contains the
desired standard parabola €2 (up to arigid motion). Hence we can work with RS and
rescale at the end (note that this only effects the radius Ry (S) in the statement since
the constant C in the oscillation estimate is invariant under dilations). Note also
that using the same rescaling we may in addition assume that the Holder seminorm
of g’ is bounded by 1.

Now consider points p, g € S. We may assume that dist(p, 9.5) > dist(g, 95)
and we set

d = dist(p, dS) > dist(g, dS), r=|p—q|.
We claim that for » < 7 (where 7 is a constant only depending on S) we have

If(p) — f(@] < Cn~2(1/r). (30)

Case 1. Suppose r < d/4.1f d > 1 we can use the interior estimate (12) since
q € B(p,r) and B(p,d) C S.If d < 1 let p be a boundary point which has
minimal distance to p and consider a coordinate system centered at p. Thus p has
coordinates (0, d). Let p’ = (0, d — 2r). Then |p’ —q| < 2r +|p — q| < 3r. Thus
p.q € Bt( p’, 3r). On the other hand the parabola €2 and hence the set S contains
the half-disc Bt (p/, R) with R = (d — 2r)1/(+®) > ,1/(+0) Thys (30) follows
from Proposition 8.
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Case 2. Suppose thatd = 0, 1.e. p, g € 9S.
Let v, and v, denote the inner normals at p and g, respectively, and set

pl=p+16rv,, ¢ =q+16ry,.

Since |v, —v,| < r* we may suppose that | p’ —g'| < 2r. Moreover dist(p’, 9S) >
8r and dist(q’, 3S) > 8r (for sufficiently small r). Hence by Case 1

lf(P) — fgHl < Cn~2(1/r).

On the other hand Lemma 9 shows that | f(p') — f(p)| < CIn~Y/2(1/16r) and
the same estimate holds for f(g) — f(g’). Thus (30) follows.

Case 3. Suppose d < 4r.

Let p, g points on 9.5 which have minimal distance from p and ¢, respectively.
Then |g — G| < |p — pl <d.Thus | — G| < r+2d < 9r.Now f(p) — f(q) can
be estimated as in Case 2, while f(p) — f(p) and f(q) — f(q) are estimated by
Lemma 9. This finishes the proof of (30) and hence of Theorem 6. |

4. Approximation by Lipschitz functions

In this section we prove the following approximation result, stated already in the
introduction as Theorem 2.

Theorem 11. Suppose that S C R? is a bounded Lipschitz domain and V €
W22(S) satisfies

det V2V = 0.

Then there exists an increasing sequence of open subset Sy and maps Vi, € W>2(S)
such that

IVVillLosy <k, Vi=V inSg, (31)
V2V =0 ae onS\ Sk, (32)

o
U S = S. (33)

k=1

In particular we have det V>V = 0, ||[VVi|l;2 < [IVV]|;2 and Vi — V in
W22(S).

Remark 12. If ' C 0§ is a finite union of intervals and the trace of VV on 9§
satisfies |[|[VV||p @) < M then V; = V and VV, = VV in an open subset of §
(with Lipschitz boundary) whose boundary contains I" for sufficiently large k. In
particular the equality holds in the sense of trace on I'.
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Proof. We will use the assumption det V2V = 0 only to conclude that V € C!(S)
(see Proposition 5) and that at each point x € S either V'V is locally constant or VV
is constant on a line segment through x which intersects 9.5 at both ends (Condition
(L)). Note that both these properties remain true if we subtract an affine function
from V.

Let U be an open ball whose closure is contained in S. After subtracting an
affine map from V we may suppose that

/ VVdx =0.
U

Together with the interior estimate (12) this shows that
IVV| <C inU.

Now consider the set Uy = {x € S : |[VV(x)| < k}. This set is open since
V e C'(S) by Proposition 5 and for large enough k it contains U. Let Sy denote
the connected component of Uy which contains U.

Step 1. We claim that

(i) dSx N S is a union of line segments on which VV is constant and satisfies
[VV| = k. Moreover each segment intersects d.S at both of its endpoints;
(i) UZ2, S =S.

To verify this consider X € 9S;N.S. By the continuity of VV we have |VV|(x) = k.
Thus VV cannot be locally constant near x (otherwise X ¢ 9S). Hence by Theo-
rem 4 there exists a line segment / which intersects S at both endpoints and along
which VV is constant. In particular |[VV| = k on [ so that [ N S; = . We claim
that [ C 95. To see this note that there exists a sequence of points x; € S with
xj — X such that VV is constant on a line segment /; through x; (which extends
up to 9.5). We can take, for examle, x; as a pointin {x € S; : |[VV(x)| < k —1/j}
which has minimal distance from x. In view of this minimality property VV can-
not be constant near x; and hence the desired line segment /; exists. The segments
l; cannot intersect / (in §) and their lengths are bounded from below. Thus they
must converge to / (e.g. in the Hausdorff sense) since x; — x. Since /; C S and
[ N Sy = @ we conclude that [ C 9.5k.

It remains to show that the Sy exhaust S. Since V € C!(S) we have |VV| =k
on 3Sx N S and thus

dy := sup dist(x, dS) — 0. (34)

x€aSk

Thus 0S; does not intersect the set {x € § : dist(x, dS) > 2di}. Hence either
S contains this set or it does not intersect it. Since S contains U the latter is
impossible for sufficiently large k. This shows that UZ2 | Sy = S.

Step 2. Next we show that (for sufficiently large k) the set S \ Sy is a union of
pairwise disjoint open sets W; and 9 W; N § is exactly one of the line segments in
Sk N S (see Fig. 2). To see this consider one such segment /. By (34) each point in
[ has at most distance dy from 9S. Hence the endpoints p and g of / lie on the same
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component of 3§ (here and in the following we always assume that k is sufficiently
large). We claim that there exists an open and connected set W whose boundary
consists of / and a curve y C 9§ from p to g and which satisfies

dist(x, 0S5) < Cdy, Vxe W, (35)

[ C int(Sx U W). (36)

To see this note that by definition of a set with Lipschitz boundary a neigh-
bourhood of 9§ can be covered by open balls B; such that 35 N B; is contained in
a Lipschitz graph {(x1, g(x1)} (in a suitable orthonormal coordinate system) with
Lip g < L and that S N B; lies above that graph. If [ is sufficiently short then both [
and the boundary arc connecting p and ¢ lie in a single such chart and we can take

W ={x1 €la,b]:glx1) < x2 < h(x1)},

where p = (a, g(a)), g = (b, g(b)) and where the affine function 4 represents the
line segment /.

If ] is not contained in a single chart we can subdivide / into a disjoint union of
segments Iy, J = 1, ..., m which do lie in a single chart. Let p; and g7 = pj+1
be the endpoints of /; and let p; and g be points on dS which are closest to them
(these may not be unique but any choice will do), see Figure 2. Let W} be the closed
deformed rectangle bounded by /;, the path y; (in the chart considered) from py
to g7 and the line segments [py, py] and [g;, g;] (for the first segments /; and the
last segment /i the rectangle degenerates into a triangle). Now W = int(UWj) has
then desired properties (35) and (36).

Next we claim that

ScNW =4. (37

(v

Fig. 2 a Construction of the set W for a long line segment ! b Sets W and W' for different
boundary segments / and ’.
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Note that Sy "W = @. Since Sy is connected failure of (37) would imply Sy C W.
But this is impossible since S contains U while W satisfies (35). Consider now
the line segments / and [’ in 3S; and the corresponding sets W and W’. We claim
that

WNW =0, ifl#l. (38)

Suppose that [ # I’. Then the segment / (without the endpoints) does not intersect
dW'. Thus either I N W = @ or I C W'. The latter possibility cannot occur since
Sk N W' = @by (37). Hence W NaW = W' NIl = @. As W’ is connected this
shows that either W' NW = @ or W' C W.If the former possibility does not occur
then we can exchange the roles of W and W’ and we get W = W’. Hence [ = I’
and this contradiction proves (38).

Since each of the sets W has positive area it follows from (38) that 9.Sx consists
of at most countably many line segments /;. We finally claim that

scsulJw; (39)
J

Denote the set on the right hand side by S’. Then 35’ NS C (U;aW; UdSy) NS C
9.Sk. It now follows from (36) that 35’ NS = @. Hence S C S’ as claimed.

Step 3. Now we can easily define the approximations Vj. Let f = VV. Since f
is constant on the line segment /; there exists a unique affine function L ; : R> > R
such that VL; = fand L; = V on/;. Now set

V on S
Vi = {Lj on W] (40)

It follows from (36) and (39) that V} is well-defined and belongs to W22(S). Note
that if two segments / and [’ share a boundary point then the fact that Ve W22 and
the Poincaré inequality show that f; = fj and hence L = L'. Indeed in this case
S contains a sector T = {x : x9 + (rcos¢,rsing) : 0 <r <rp, 00 < ¢ < @1}
which is bounded by (parts of) the segments / and I and a circular arc. Leta = fj;
and ¢’ = fj and assume without loss of generality xo = 0. Application of the
Poincaré inequality to the arc y, = {(rcos @, rsing) : g9 < ¢ < @1} yields

la—d' > <cCr | |V2V]?dH!.
Vr

Dividing by r and integrating from 0 to ro we deduce that a = a’ since V>V e L2.
Similarly we see that L and L’ must agree in the points where the segments / and
!’ touch.

We also see directly from (40) that V2V, = V2V in S; and V2V, = 0 a.e. in
S\ Sk (since 9 Sy is a countable union of line segments and thus a two-dimensional
null set). Moreover |V Vi| < k. This finishes the proof of Theorem 11. O
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a b X

Fig. 3 Approximation near the boundary. The Poincaré inequality is applied in the shaded
region

Proof of Remark 12. 1t suffices to consider the case that I is a single interval con-
tained in a single Lipschitz chart of the boundary, i.e. 3S N Bg C graphg, I' =
graph g|a,»), Lip ¢ < L, see Figure 3. Set

[y ={(x1, x2) tx1 € [a,b], glx1) <x2 < g(x1) +r}.
We claim that for sufficiently small » > 0 we have
IVV|<M+1 inT,. 41)

Once this is shown we conclude easily as follows. The sets Si are increasing to S
and therefore Sy NI, # @ for all sufficiently large k. By (41) we have I',, N9 Sy = 0.
Since I, is connected this implies that I', C Sy and thus V; = V in T',.. Hence we
have V; = V and VV;, = VV on I' in the sense of trace.

We prove (41) by contradiction. Let x € ', with |[VV (X)| > M + 1. We claim
first that

dx € T, such that VV(¥) = VV(X) and VV is constant on a line segment /
through x which intersects dS at both endpoints. (42)

Once we have found such an x it follows from the Poincaré inequality in direction
X7 that the intersection of / with .S occurs outside I'. Indeed suppose otherwise.
We write x = (a, z) with a € (a, b). Suppose that the line / through x intersects I"
in the point p = (a, g(a)). We may assume that p = (0, 0). Let G = |VV|. Then
G(xy, %xl) = G(x) > M + 1, while G(x, g(x1)) < M, by assumption. Thus the
Poincaré inequality in x, direction yields

1<

Z
f|VZV|2(x1,xz)dxz < (‘5‘+L> x1/|v2w2<x1,xz>dx2

Z
=x1 —g(x1)
a

and dividing by x; and integrating over x| from O to a we reach a contradiction.
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We now proceed to prove the claim. If VV is not locally constant near X then
(42) follows directly from Theorem 4 with x = x. If VV is locally constant near
X consider the open set S| = {x € S : VV s constant near x} and let U denote
the connected component of 1 which contains x. If 3U N T, # @ we can take
x € U N T, and apply again Theorem 4. If 9U N I', = ¢ then the connectedness
of I', shows that I', C U. Thus |[VV| = |VV(%)| > M + 1in I',. This contradicts
the assumption that VV satisfies [VV| < M on I (in the sense of trace). Thus (42)
holds.

Now we obtain (41) easily by an application of Poincaré’s inequality. Indeed if
the line / has slope between —2 L and 2L the application of Poincaré’s inequality (in
the x»-direction) in the region between I" and / yields, as in the calculation above,

b—a
dxy 1 3L(b —a)
i >/ ——=—In(l4+ —).
I ||L2 —Jo r 4+ 3Lx; 3L f + r

Thus we obtain a contradiction if r is chosen sufficiently small. If / has slope larger
than 2L (this can only happen if x is close to the left endpoint (a, g(a)) of I') then
we can apply the Poincaré inequality along a family of lines with slope —2L which
connect I and / (equivalently we could slightly tilt the picture in Figure 3 so that
the slope of / is 2L in the tilted picture and apply again the Poincaré inequality in x»
direction). If the slope of [ is less than —2L then we apply the Poincaré inequality
on a family of lines with slope 2L. This finishes the proof of (41) and thus yields
the assertion. O

References

1. Fonseca, 1., Gangbo, W.: Degree theory in analysis and applications. Oxford Univ.
Press, 1995

2. Friesecke, G., James, R.D., Miiller, S.: A theorem on geometric rigidity and the deri-
vation of nonlinear plate theory from three dimensional elasticity. Comm. Pure Appl.
Math. 55, 1461-1506 (2002)

3. Friesecke, G., James, R.D., Miiller, S.: The Foppl-von Kédrman plate theory as a low
energy I'-limit of nonlinear elasticity. C. R. Math. Acad. Sci. Paris 335, 201-206
(2002)

4. Friesecke, G., James, R.D., Miiller, S.: A hierarchy of plate models derived from
nonlinear elasticity by Gamma-convergence. in preparation

5. Friesecke, G., James, R.D., Miiller, S.: Stability of slender bodies under compression
and validity of the Foppl-von-Karmén theory. in preparation

6. Nash, J.: C! isometric embeddings. Ann. Math. 60, 383-396 (1954)

7. Hartmann, P., Nirenberg, L.: On spherical image maps whose Jacobians do not change
sign. Amer. J. Math. 81, 901-920 (1959)

8. Iwaniec, T., Sverdk, V.: On mappings with integrable dilatation. Proc. Amer. Math.
Soc. 118, 181-188 (1993)

9. Kirchheim, B.: Geometry and rigidity of microstructures. Habilitation the-
sis, University of Leipzig, 2001 (see also: MPI-MIS Lecture Notes 16/2003
http://www.mis.mpg.de/preprints/1ln/index.html )

10. Kirchhoff, G.: Uber das Gleichgewicht und die Bewegung einer elastischen Scheibe.
J. Reine Angew. Math. 40, 51-88 (1850)



Regularity properties of isometric immersions 331

11.

12.

13.

14.

15.

16.
17.

18.

19.

Kuiper, N.H.: On C' isometric embeddings, I. Nederl. Akad. Wetensch. Proc. A 58,
545-556 (1955)

Morrey, C.B.: Multiple integrals in the calculus of variations. Springer, Berlin
Heidelberg, 1966

Pakzad, M.R.: On the Sobolev space of isometric immersions. J. Diff. Geom. 66,
47-69 (2004)

Pantz, O.: Une justification partielle du modele de plaque en flexion par I'-
convergence. C. R. Acad. Sci. Paris Sér. 1 332, 587-592 (2001)

Pantz, O.: On the justification of the nonlinear inextensional plate model. Arch. Rat.
Mech. Anal. 167, 179-209 (2003)

Pogorelov, A.V.: Surfaces with bounded extrinsic curvature (Russian). Kharhov, 1956
Pogorelov, A.V.: Extrinsic geometry of convex surfaces. Translation of mathematical
monographs vol. 35, American Math. Soc., 1973

Sverak, V.: Regulartiy properties of deformations with finite energy. Arch. Rational
Mech. Anal. 100, 105-127 (1988)

Vodopyanov, S.K., Goldstein, V.M.: Quasiconformal mappings and spaces with gen-
eralized first derivatives. Siberian Math. J. 17, 399411 (1976) (Sibirskii Mat. Zh. 17,
515-531 (1976))



