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WEAK DENSITY OF SMOOTH MAPS FOR THE
DIRICHLET ENERGY BETWEEN MANIFOLDS

M.R. PAKZAD AND T. RIVIERE

Abstract

We prove that given a simply connected compact manifold M and a
closed manifold N, any map in the Sobolev space W2(M, N) can be
approximated weakly by smooth maps between M and N.

1 Introduction

In the last decades many questions regarding the density of smooth maps
in a given function space between manifolds have arisen in calculus of vari-
ations. Nowadays this kind of question is becoming a field on its own with
widely open problems.

The most studied function spaces are the Sobolev spaces W'P(M, N)
where M is a compact n-dimensional manifold and N a closed Riemannian
manifold isometrically embedded in some R :

WLP(M,N) = {ue WP(M,RY); u(z) € N ae. z € M} .
WLP(M,RY) is defined on the base of the Sobolev space WP(R™ RY)

using the smooth charts of M in the natural way. For any ¢ € C*°(9M, N),
admitting a smooth extension ¢ : M — N, we define

C’f;o(M,N) = {u € C*(M,N); u= ¢ on OM}
and
W;”’(M,N) = {ueW"W(M,N); u=¢ondM}.

1.1 Local aspects of the sequentially weak density of smooth
maps and the topological singular set. In [SU], [BZ], and [B1], re-
spectively R. Schoen, K. Uhlenbeck, X. Zheng and F. Bethuel shed light
on whether or not C*°(B", N) is dense in W1P(B", N), where B" is the
n-dimensional unit disk. They showed that the lack of approximability is
due to the existence of a “topological singular set” for u. The singular set
is characterized by local realizations of non-zero elements of 7y, (V) around
points in B™ by u, where [p] is the integer part of p. (The notion of topo-
logical singular set is still vague and remains to be defined precisely). In
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particular they proved that if m,(N) = 0 then any map in W'P(B", N)
can be approximated by smooth maps for the strong topology.

In the case ) (N) # 0, the best that one can do is to approximate maps
in WHP(B", N) by maps which are smooth away from a finite union ¥ =
U;_; Zi of smooth (n —p — 1)-dimensional submanifolds of B™. This set of
maps is called R*P(B™, N). A map v € R°P(B", N) realizes elements o,
of 7, (V) on the [p]-spheres centered at any point x € ¥(v) and contained
in the normal [p]+1 plane to T, %(v). If for some x € X(v), 0, is non-trivial,
then v cannot be approximated by smooth maps in the strong topology (see
[B1]). Furthermore one can assign to v a ) (/V)-chain which is carried by
¥(v) with “multiplicity” o, at each point x of X(v). This mp,(/N)-chain
can be called the topological singular set S, of v in R*P(B™ N). One
of the major questions would be to understand the behavior of S, for a
sequence of maps v, € R®P(B", N) converging to any u € W1P(B", N)
and eventually to prove a “flat-norm” convergence of S, to a unique flat
7p) (N )-chain S,, which therefore we could call the topological singular set
of w.

Related to this question is the problem of the weak density of smooth
maps in WP(B", N). Although the density of smooth maps for the weak
topology can be easily handled (see [Bl]: Smooth maps are dense for
the weak topology if and only if p € N), the question of the density of
smooth maps in WHP(B", N) for the sequentially weak topology, where
p € N, is more involved: For p € N, m,(N) # 0, does there exist for any
u € WIP(B™ N) a sequence u,, € C®(B"™, N) such that u,, — u in WiP?

The case N=52, p=2 was treated by F. Bethuel, H. Brezis, J.M. Coron
and E. Lieb in [BrCL] and [B2]. Bethuel mentioned that the answer is yes
for N = SP, p > 2 [B1]. In [H], P. Hajlasz has proved that the answer
is yes when N is (p — 1)-connected. For other positive answers to the
sequentially weak density of smooth maps in other situations see [P3] and
[R]. Counterexamples to the above question are not known.

As we will explain below the control of the mass of the minimal chain
connecting S,,  for v, € R°P(B", N) converging strongly to u enables us
to give a positive answer to the sequentially weak density of smooth maps
in the case where M = B".

1.2 The global problem. Recent developments by F. Hang and
F.H. Lin [HaL1] showed that one should be careful while considering a
generic smooth compact manifold M as the domain. In particular there
are cases where the condition “S, = 0” is not sufficient to guarantee the
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approximability of u by smooth maps in the strong topology of W1P(M, N),
even when N = SP. As an example, consider the map u : CP? — S? defined
by
u([z,y,2]) = [z,4],

where [z, v, 2] (respectively [z, y]) are the homogeneous coordinates on CP?
(respectively on CP! = $?). The map u € W12(CP?, 5?) has only a point
singularity on a = [0,0, 1], hence S,, = 0. However, u is not in the strong
closure of smooth maps (see [HaLl]). Moreover, this global singularity
cannot be “located” in the domain, in the sense that we may approximate
strongly « by maps which are smooth on a fixed neighborhood of the point
a and which are singular in another point.

We are able to handle both local obstructions S,, and global ones to the
strong approximation in order to establish smooth weak approximability
whenever p = 2 and M is simply connected. Precisely, our main result is

Theorem I. Let M and N be compact smooth manifolds and assume that
M is simply connected. Then smooth maps are dense in W2(M, N) for
the sequential weak topology. Moreover, assuming that ¢ € C*°(OM,N) is
smoothly extendable to M, for every u € WJ’Q(M, N), there is a sequence
of smooth maps up, € C° (M, N) converging weakly to u in W12 m

We will show in the last section of this paper how we can manage to
remove the global singularities for getting these weak sequential density
results even if the domain is not a disk. We will use recent results of
F. Hang and F.H. Lin, appeared in [HaL2], which give the necessary and
sufficient condition for a map in W1P(M, N) to be strongly-approximable
by smooth maps in this space. The idea would be to modify the maps, not
along the minimal connections, but along inverse images. We will show how
this operation produces a new map which satisfies the Hang—Lin condition.

1.3 More results on the topological singular sets S, and sequen-
tially weak density. In this paper, we prove the convergence of the
Tp) (N )-chains S, for any convergent sequence of maps in WhHP(B™ N)
when [p] =n —1if N is ([p] — 1)-connected, i.e.

m(N) = =7p_1(N)=0

or when [p] = 1 if m1(N) is abelian. The problem is still open for almost
every other value for [p]. In fact, if we set for S, any integral flat chain in
B" of dimension k,

m;(S) := inf {M(T); T € Ryy1(B"), IT =S, },
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the question would be to determine whether m;(S,,, — Sy,) — 0 when
U, converges strongly to w in WHP(B", SP). The answer is yes for p = 1
or n — 1 (see [BBC] and [GMS, vol.II, sect.5.4.2]), while we do not know
whether this is the case even for maps in H'(B*,5?%).

Theorem II. Let B" be the unit disk in R". Assume that [p] = 1 and
m1(N) is abelian or [p] = n — 1 and N is a closed ([p] — 1)-connected
Riemannian manifold of dimension equal or greater than [p|. Then S,,, the
topological singular set of any u € WYP(B", N), is well defined as a flat
p)(N)-chain and the flat norm of S,,,, — S, converges to 0 if u;, — u in
WLP(B™ N). Moreover u € WHP(B™ N) (respectively u € Wé’p(B”,N))
is a strong limit of maps in C*°(B", N) (respectively C2°(B", N)) if and
only if S,, = 0. O

REMARK 1.1. The approach used in ([GMS, vol. II, sect. 5.4.2]) for defining
a topological singularity for Sobolev maps considers only the real homologic
singularities. This is not suitable when the homotopy type singularities are
not seen by the real homology, as in the case W11(B" RP?) discussed
below.

REMARK 1.2. We can extend these results to [p] = 3 or 7 [P2].

However, our method allows us to prove the following theorem. This
result is not mentioned by Hajlasz [H] and cannot be deduced directly from
his proof.

Theorem III. Let N be a closed smooth manifold. Assume that for
some integer 2 < p < k, N is (p — 1)-connected. Also assume that ¢ :
0B"™ — N is a smooth map, smoothly extendable to B". Then for every
u € Wé’p(B",N) there is a sequence of maps um, € C2°(B", N) such that

Uy, converge weakly to u in Wé’p (B™,N). O

If p = 1, smooth maps are not sequentially dense in W1!(B", N) for
most cases [Ha]. Meanwhile, assuming that 71 (V) is abelian, by controlling
the mass of connections for a convergent sequence in W1!(B", N), a weaker
type of density is obtained. The non-abelian case is more involved and is
treated in another paper [P3].

DEFINITION 1.1. Let Q be a domain in R™ and let u,, be a bounded
sequence in L'(2). w,, is said to converge in the biting sense to u € L' ()
if for every € > 0 there exists a measurable set E C Q) such that u(E) < ¢
and u,, — u weakly in L'(Q\E).
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Theorem IV. Let B" be the unit disk in R™ and N be any k-dimensional
closed manifold. Assume that ¢ € C*°(0B", N) is smoothly extendable
to B". If m1(N) is abelian, for every u € W;’l(B”, N) there is a sequence
of maps u, € C;°(B", N) such that Vu,, tend to Vu in the biting sense.0

2 Preliminaries

2.1 Flat chains over a coefficient group. Let G be an abelian group.
|.|: G — R* is called a norm on G if

(i) VgeG, [—gl=lgl,
(ii) Vg.heG, |g+hl<lgl+|nl,
(#3i) |g| =0 if and only ifg = 0.
We assume that G is a complete metric space with respect to the metric
d(g,h) == |g — hl.
Let K be any compact convex subset of R”. We introduce the spaces of

polyhedral k-chains, flat k-chains and finite mass flat k-chains in K, with
coefficients in G. The readers can refer to [Fl] and [W] for more details.

DEFINITION 2.1. Py(K,G) is the space of all G-linear sums of oriented
k-dimensional polyhedra in K. For P = )", g;[[0i]] € Pi(K,G), where
gi € G and 0;, 1 = 1,...,m, are non-overlapping k-dimensional polyhedra,
we define the mass and the boundary of P respectively to be

M(P) := Z |gi| vol(ai),
i=1

oP = igi 8[[0—2]] € ’Pk,1(K, G).

DEFINITION 2.2. Let P € Py be a polyhedral G-chain. The flat norm of
P is

F(P) :=inf {M(P — 0B)+M(B); B € Pgi1}.
DEFINITION 2.3. The space of flat k-chains, Fi,(K, G), is the F-completion
of Py(K,G). For A € Fi(K,G), we define the mass of A to be

M(A) := inf {liminf M(P,); P, Z, A, P, € Pi(K,G)} .

My (K, G) is the set of flat k-chains in Fj(K,G) with finite mass and is a
complete metric space with respect to the flat norm. Finally, for ) being
any open set in R", we define F (2, G) to be the union of all the Fi(K,G)
among convex compact sets K C ().
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We recall some useful results:

LEMMA 2.1. The boundary map 0 : P, — Pj_1 is continuous with respect
to the F-norm and so it can be extended to a unique JF-continuous map

0:Fr — Fr_1. O

LEMMA 2.2.  Any homomorphism x : G — H between groups, which
is continuous with respect to their norms, induces a JF-continuous group
homomorphism

X * fk(K, G) — fk(K, H) .

Moreover, x, commutes with 0, i.e.

X«(0A) = Ox«(A), VAe€ F(K,Q) (2.1)
and
M(x«(4)) < CM(A), VAe Mi(K,G)
if |x(g)| < Clg| for all g € G. o

2.2 The subspaces R*°P(C™, N) and R*P(C™, N).

DEFINITION 2.4. Let C™ := [-1/2,1/2]" be the unit cube in R™.
u € WIP(C™ N) is in R°P(C™, N) if u is smooth except on $(u) = Y 1_; 3,
where fori =1,...,r, ¥; is a subset of a linear subspace of R" of dimension

n —p— 1 and 9%; is a subset of a linear subspace of dimension n —p — 2.

Theorem (Bethuel, [Bl]). R°?(C",N) (respectively Ry P(C" N)) is
dense in W1P(C", N) (respectively I/Vé’p(C”7 N)) for the strong topology. o

Let u € R°P(C™, N). There is some compact subset of C", B = |Ji; o3,
where the oy, i = 1,...,p are non-overlapping (n — p — 1)-dimensional
polyhedra, such that 3(u) C B and that every n — p — 2 dimensional face
of B belongs to at least two o;. Moreover we can assume that any two
different faces of B intersect only on their boundaries. Let

||| := max |z;| forz = (z1,...,2,) € R"

and for § > 0 put 5
Vei={yel"; |ly—B| <}

where
ly = Bl == nf {|ly — z||; « € B}.
Also for § > 0 and some orthonormal base {ei, ... ,e; 41} orthogonal to o,
set
p+1
6. i .
o = {x+ the}, x € oy, j:{?i};-l—l Iti| < 5}

J=1
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and define 7; : af — 0; to be the smooth projection

p+1 ‘
; (a: + the;) =x.
j=1

For &y small enough, we consider a lipschitz projection = : V% — B
with the following properties:
(i) VO = UL, V2, where the V? := 77 1(0;) N V° are non-overlapping
n-polyhedra in R™ which intersect only on lower dimensional faces.
(ii) There are lipschitz diffeomorphisms
fi: V2 = o,
such that
fZ(Vf) = O’? Vo < g
7T|Vf = T; O fi|st
fille,n(@)]) = [fi(z), m(z)] Yz eV
where by [p, ¢] we mean the segment joining the two points in C".
DEFINITION 2.5. For y € VO\B, let hs(y) be the unique point on dV?°
which is on the ray from m(y) toy. Then naturally w(hs(y)) = 7(y) and hs
is locally Iipschitz on V°\B. We set

uw(hs(y)) ifye Vo,
us(y) = {ugy)( ) otherwise. (2.2)
DEFINITION 2.6. We set
R>®P(C" N) := {U5; u € Roo’p(C",N)}
and we say u is radial if uw € R*P(C", N).
By computing the integral of us on VZ-‘S by the mean of f; as new
coordinates we observe that for é; > 0 sufficiently small, there is some
constant K, depending only on B, for which

Jovs IVl < 5 fyo [Vul? 23)
Jvs [Vus|? < OK o5 [VulP
for ¢ € Iy, a positive measure subset of [0, §1].

REMARK 2.1. As a result, R®P?(C", N) is also dense in WHP(C", N) for
the strong topology.

We recall that there are canonical isomorphisms between m,(N, z) and
mp(N,y) for z,y € N if and only if 71 () is abelian for p = 1 and 71 (N) =0
for p > 1. We assume that these conditions are satisfied so that we can talk
about the homotopy classes of maps from S? into N as elements of m, (V).
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DEFINITION 2.7.  Let u € R*P(C",N) and ¥(u) C B = |Jl_,0; be
its singular set. Assume that each o; is oriented by a smooth (n —p — 1)-
vectorfield ;. For a € o;, let N, be the (p+1)-dimensional plane orthogonal
to o at a. Consider the (p + 1)-disk M, s = Bs(a) N N, oriented by the
(p + 1)-vector M, such that &;(a) A M, = &gn. u is continuous on the
p-dimensional oriented sphere ¥, s = OM,s. The homotopic singularity of
u at o; is

[u7 Ui] = [U‘Ea,(s]ﬂ—p(N) ) (2'4)
i.e. the homotopy class of uls, ;, in m,(N), which is independent of the
choices of a and §.

DEFINITION 2.8. We define the topological singularity of u € R*P(C", N)
to be the m,(N)-polyhedral chain
“w

Su =Y [u,0[[0i]] € Pu_p-1(C", mp(N)) ,
i=1
where ¥(u) C B = Ji_, 0; Is its singular set.

REMARK 2.2. u suffices to be continuous on C™\ B for S,, to be well defined.

2.3 A useful lemma. Let B! be the unit disk in RY. We denote
Ul = {(z,y) € B' xB'; © +# y}
and
Ul = {(z,y) € U yé¢ B(z,6)}.
DEFINITION 2.9. For (z,y) € U', we define p(z,y) to be the unique point
on OB! which is on the ray from x to y.
Clearly p is well-defined and smooth on U. As Ug is compact, we have
for some constant C(I,4) > 0:
sup | Vp(z,y)| < C(l,6) < +oo.

(z,9)€U;
We have
LEmMmA 2.3. Let 1 <p < be an integer. Then
[ ple)fis < CLp.o) (25)
B(0,1-5)
when C(l,p,0) depends on l,p and 0 and not on y. O

Proof. Let z € B(0,1 — ). We distinguish two cases:
(i) y ¢ B(z,6). Then (z,y) € U} and we get

20(1,6
Vapta)| < (15 < T
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(ii) Otherwise y € B(x,d) C B!, Then

— T
p(z,y) —p<|Z_x|5+x,m>

and so
y— dl JC(l,9)
S e e P @)
! “\ly - ly—al = ly—a|
as -
( Y 0+ a:,a;) e U},
ly — |
Using the inequalities (2.6) and (2.7), the lemma is proved. o

3 An Example: W_»'(C?, RP?)

3.1 Notation. Let f:S? — RS be the map
flz,y,2) = (‘é_xZ, ‘é_yQ, \é_ZZ Y, Yz, za:) (3.1)

f induces an embedding of the 2-dimensional Real Projective Space, RP?,
into R®. A property of this embedding is that the minimum length of the
cycle homotopic to the non-zero element of 1 (RP?) ~ Zs is 7, independent
of the choice of the base point. We define a norm on the 2-group 71 (RP?):

la| :=1 if a#0, :=0 otherwise. (3.2)
Also we define the map ¢ : B2 — RP? as follows:
g(x1,m9) == f(x1,22,1/1 — (27 + 23)) . (3.3)

Now let wo = £(1,0,0) € RP? and put
G=f({(z,y,2) € S*; 2=0}).
G is a length minimizing generator of m;(RP?) passing through wg. For
w € RP?\G we define the projection
Pw : RPP\{w} — G

as follows:

pu(@') == g(p(g~ ' (w),g~ (') Vu' € RP*\{w} (3.4)
where p is the map given in Definition 2.9. Observe that p,, is well defined

for w’ € G as in this case we would have p,,(w') = w’ independent of the
choice of g~!(w'). Let us fix € > 0 such that

Vol(RP?\G.) > 2,

where
G. = {y € RP?; d(y,G) < ¢}

is the e-neighborhood of G in RP2,
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LEMMA 3.1. Let G and p,, be as above. Then
(i) po : RP?\{w} — G is well defined and smooth.
(ii) For any cycle G' C RP?\{w} we have
1971 mp2) = X([Pw (9] (9) (3.5)
where x : m1(G) ~ Z — 71 (RP?) ~ Zy is an onto homomorphism.
(iii) For any w' € RP? we have

/ |Vpw(w')|dw = Cy = Co(e) < +00. (3.6)
RP2\G.

O

Proof. We observe that g~! is well defined and smooth on RP?\G, while in a
neighborhood of G, p,, is a projection along smooth curves orthogonal to G.
This proves the first part of the lemma. Now observe that the injection map
i : G — RP? induces a homomorphism,
x : m(G) — m (RP?),
which is onto as [G] is the generator of 71 (RP?). So, since p,, is smooth on
RP?\{w}, we get
G ey @p2) = [Pw(G)]ry P2y = X ([Pw(G)r1(0))

which proves (3.5).

Now let
N. :=RP*\G.

and observe that for g : B2 — RP? as in (3.3)
(i) Nej2=9(B(0,1—4)), for some 0 < d < 1,
(ii) g|B(0,1—s) is an embedding.
We prove (3.6). Let w € N. C N.j5. If w' ¢ G5 then since g~! is
smooth on N, /o, using (2.5) and (3.4), we get, for some Cy(5) > 0,

/ | Vpw(w')|dw < / |Vpw(w')|dw < Co(5) .
Ne N5/2
If not, the map p: N, x 55/2 — g

plw,w') = py(w)
is smooth on its compact domain because N, N G. j2 = (). So there exists
K > 0, independent of w,w’ for which

[Vpw(w')] < K
if w € Ge /2, w € Ne. This completes the proof of (3.6). O



Vol. 13, 2003 DENSITY OF SMOOTH MAPS 233

3.2 Study of Rf;f”l((l’2 RP2). Let u € Roo’l(C2 RP?). We observe
that S, € Po(C% m(RP?)) is is in fact the sum > % [u,pi][[pi]] where
{p1,...,pu} are the singularities of v and [u, p;] is the class of u(0B(p;,0))
in 71 (RP?) for § small enough.

DEFINITION 3.1. I € Fi(C? 7 (RP?)) is a connection for u if 01 = S,.

PROPOSITION 3.1.  Foru € RX'(C2, RP?), there exists I € Py(C2, m (RP2))

such that
ol =8,
(3.7)
M(I) < C [|Vu|+C
for some constant C' > 0 depending only on . O

REMARK 3.1. Any I € P1(C%, m1(RP?)) is a set of non-oriented segments
while M(T) is simply the total length of these segments.

COROLLARY 3.1. For any u € R;O’I(C2,RIP’2), there exists a connection
I, € F1(C? w1 (RP?)) of minimal mass which satisfies

M(1,) < c/\w oS
(Use the compactness result of [F1, section 4.2.26, p.432].) o

Proof of Proposztzon 3.1. First we assume that ( = wy is constant. Let u
be amap in R (C2, RP?) for which S, = Y [, pill[pi]]. Let A be the set
of regular values of u in RP?. By Sard’s theorem, H?(A) = vol(RP?) = 4.
We estimate the integral

J = /R]}W\gs ’V(pw ou)(x)’dm dw . (3.8)

We have, by (3.6),

J</ / | Vpw (u( ))HVu(a;)‘dwdeC'o/ |Vul.
c2 JRP2\G. c2

As a result, considering (3.8), there exists some positive measure set

W C RP?\G. such that
/ ’V(pw o u)‘ < % / |[Vu| forallwe W. (3.9)
c2 2w c2

Since u is radial, for some regular w € AN W, u~!(w) is a finite subset
of C2. We have
LeEMMA 3.2. There exists w € W such that the map

ﬂ::pwou:C2—>g
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is in Row'(C2,G). Moreover if we consider the additive group Z with its
usual norm, for some I € P1(C?,Z), for which 0I = Sy, the following
properties hold:

L(I)=inf {L(I'); I' € F1(C%,Z), OI' = S5} (3.10)
where L(I) is the Z-mass of I. o
1,
‘1
0, .1 0 I
(O
1
‘1
RP?
CZ
-1,
ol
-2 . 0 pou
3 3 .
O
1 .
2 Sl
c

Figure 1: Projection of u into St

REMARK 3.2. Observe that m1(G) ~ Z. Moreover L(I) is the length of
minimal connections connecting the singularities of 4, introduced in [BrCL].

For a proof of this lemma, see [DH, Propositions 1 and 2]. Observe that
the best constant in inequality (3.10) is achieved by the mean of co-area
formula as in [ABL].

Using Lemma 3.2, we finish the proof of the proposition: Consider the
homomorphism x in (3.5). By Lemma 2.2, x induces a group homomor-
phism
X« 1 Pe(C?,Z) — Pr(C*, m (RP?)) .

We consider I as in Lemma 3.2 and we set I := x,(I). We deduce that
oI = x.(Sa) - (3.11)
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Meanwhile, by Lemma 3.1, part (ii), we observe that, for all points p € C2,
there exists § small enough for which
[u, p] = [w(0Bs(0))] , (w2 = X ([@(OBs(0)]m (g)) = x([@:1))

and as a result

For visualizing this phenomenon see Fig.1 where we compare the sin-
gularities of u and p,, o u. Comparing this with (3.11) we obtain

oI =8,.

Observe that |x(z)| < |z| for all z € Z, thus we have by Lemma 3.2

. 1
M(I) = M(x.() < L(T) < /C Vuow).
So using the inequality (3.9), we get

M(I) < &/ |Vl .
27'('2 c2
This completes the proof for constant boundary data. In Fig.2 we have
illustrated two connections for v and one for p, o u. We show how the
minimal polyhedral connection for u (the thin dashed segments) comes to
be lesser in mass from the image of any connection of p,, o v under x, (the
thick curves).

c? c?

Figure 2: Connections for v and for p,, ou

Now consider the case of non-constant ¢. We extend u over the cube
C?:={zeR?; [lz| < 3 +¢}
for some € > 0 as follows:

u(z) == ¢ <Mw> Vo € C2\C?,

while ¢ is the smooth extension of ¢ onto C%. Now wu is constant on the
boundary of C? and we have clearly

/~\Vu|§/ |Vu| + Cy
c2 c2
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where C depends only on ¢. Applying the proposition to u on C2 as above,
we obtain some I’ € Py(C2, Zy) for which I’ = S, and M (I') < CE(u)+C.
Now since spt S,, is a compact set in C?, we observe that there is an open
U C C? such that spt S, C U and OU is a convex polygon. Let II denote
the lipschitz map which leaves U fixed and radially projects points outside
U onto its boundary. This map induces a map

Iy : Pk(gz,Zg) — Pk(CQ,Z2)
which commutes with the boundary map. Moreover
M(TTy (1")) < lip TIM(I").
So as spt S, C U, it is easy to see that I := I14(I") satisfies the conditions
of Proposition 3.1. O

Now we present another important result concerning the maps in
Ry ’1(C2,R]P’2). The same singularity removing proposition was proved in
[B2] for H'(B3,5?).

PROPOSITION 3.2. Let I € Pi(C? m(RP?)) be a connection for
u e RY(C?,RP?). Then there are maps vy, € Cy (C?,RP?) such that

Vm = u on C2\K,,,

Eoml < 5 (3.13)
fc2 Vum| < fcg |Vul + CM(T) + %
for some constant C' > 0 independent of u. 5

This proposition is a special case of Proposition 5.1 which is proved in
the next section.
3.3 Topological singularities for maps in W1 1+$(C2 RP?). We
give a proof for Theorem II for M = C2, N = RP? and [p] = 1. Let u
be a map in W1P(C?,RP?) such that [p] = 1. We intend to define S,,, the
topological singular chain of u as a flat Zs-chain. In fact we are to prove
that for any sequence of maps u,, € R®P(C?,RP?) C R>*(C% RP?), S,,,
is a convergent sequence in Fo(C?,Zs) and that the limit is independent of
the choice of the sequence u,,.

Let u,, be such a sequence. Set as in (3.8)

I = / |V (pw 0 w)(x) — V(pw 0 tm) (2)|dz dw .
RP2\G. Jc?
We are to prove that J,, — 0. First observe that for fixed = € C?

[V(pw o u)(@) = V(puw © um) (@)
< C(IVpw(u(@))] + [Vpu(um(2))]) € L' RP\G.)
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(see 3.6). Now, since V(py 0wy, ) converge for almost every w € RP?\G. to
V(pw o u), by Lebesgue dominant convergence we get

[ 19w 0)@) = Vw0 wn)(a)|de -0

RP2\G.

for almost every x € C2. Also we have

/ V(pwou)(x)—V(pwoum)(a;)‘dw < C’o(a)(|Vu(x)\+\Vum\) e LY(C?).
RP2\G.

Thus, again using the Lebesgue dominant convergence, we obtain that J,,
tends to 0 for m — +o00. As a result, there exists w € RP?\G. such that

Pw O Um — ppou in WhH(C2 S

and that w is a regular value for all w,,, i.e.

Pw O Uy € RH(C?,8Y).
Meanwhile, any flat chain with multiplicity in Z is also a real current,
defining a dual functional on the space of compactly supported smooth

differential forms. Now if we set S, oy, to be the real 0-current (distribution)
defined as follows:

1
Spyoul@) == o /02(pw ou)*(df) Nda Yo € CZ(CHR),

we get
mr(spwoum - Spwou) —0
where by m,(S) we mean the minimal mass of normal currents getting S
as their boundary (see [GMS, vol.II, sect.5.4.2, Theorem 2]). Moreover,
for a 0-dimensional integral flat chain S in R™ the minimal i.m. rectifiable
current taking S as the boundary is also the minimal real current, i.e. we
have
my(S) = m;(S) := inf {M(T); T € R1(R") 0T =S}
(see [F2]). As a result, S, o, is an integral flat (Sp, o € Fo(C%,Z)) and we
get
f(spwoum - Spwou) < mi(Sprum - Spwou) — 0.
Using Lemma 2.2 and (3.12) we obtain that the flat Zo-chain
Su = X«(Sppou) = Im x«(Sp,ou,) = lim S, ,
m—00 m—0o0
is independent of the choice of w and that F(S,,, —S,) — 0. Since any
two sequences converging to u can be restructured to a single converging
sequence, S, is independent of the converging sequence u,, too.
Now suppose that S,, = 0. Consequently for any sequence of maps u,
converging to u in W1P(C2, S1), there is polyhedral Zs-chains I,,, such that

M(I,,) — 0
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and that spt (01,, —S,,,) C C? (This is what we call a connection when we
do not fix a boundary data.) Using the same method as for the singularity
removing Proposition 3.2, we prove the existence of a sequence of smooth
maps vy, : C2 — RP? which converge to u in W!. (Here we use the fact
that M(I,,) — 0.) Consequently, u is homotopic to constant on any generic
I-skeleton of C2. Using this and referring to [B1, proof of Theorem 1],
we can approximate strongly u by smooth maps in W1P(C? RP?). This
completes the proof of Theorem II for this special case. O

3.4 Study of sequential weak density in W;’l(Cz, RP?). We prove

Theorem IV for n = 2 and N = RP?: For every u € Wé’l(CQ,RPQ), there
are Uy, € C:;O(CQ,]R]P’Q) such that u,, — u in L'(C?) and Vu,, converge in
the biting sense to Vu.

Proof. First we approximate u by a sequence up € RJ ’I(CQ,RIPQ) (see
Remark 2.1). Passing to a subsequence if necessary, we can assume that
energies of u are bounded by the same constant. So, by Proposition 3.1,
there are polyhedral connections Ij for u such that their masses are equi-
bounded. Using Proposition 3.2, we construct maps uy, ,,, which converge
almost everywhere to u, and have equibounded energies too. As a result,
U, m tend in L' to w and their gradients are equibounded in L' norm. By
([GMS, Vol. 1, sect. 1.2.7]), Vtuy,m converge in L! in the biting sense. Fur-
thermore, the limit cannot be other than Vu, since u,, , converge strongly
to u in L. O

4 Controlling the Mass of Connections

We assume that p > 1 and that N is a (p — 1)-connected smooth compact
manifold of dimension k£ > p, i.e.

mg(N) =0 for g <p.

Using the fact that N is (p—1)-connected, we generalize the result of Propo-
sition 3.1 to maps in Ry *P(C™, N). This is what we prove in Proposition 4.1.
As before, the main idea is to conjugate u with a projection of N on the
generators of its p-homotopy group.

Consider some triangulation of N and for 1 < [ < k, let N be the I-
skeleton of N. So N = N*. Observe that by ([Wh, Theorem (1.6), p. 215]),
NP is (p — 1)-connected and the homomorphisms

Xp’l cmp(NP) — ﬂ'p(Nl) ,
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induced by the injection maps i,; : N¥ — N!, are onto. As a result, using
[GrM, Corollary 3.5, p. 38|, NP is of the homotopy type of a bouquet of p-
spheres and we obtain that 7,(N?) is finitely generated. Let g,...,gs be
its generators. As a result, m,(N') is finitely generated too. We choose its
generators among {x"!(g1),... ,val(gﬁ)} and we define a norm on 7,(N?),
p <1<k, as follows: For a € m,(N'), |a is the smallest length of a product
of generators of m, (N ') representing a. Observe that there is some constant
C > 0 such that
XM (9)l < Clgl, Vg € mp(N?). (4.1)
Since m(N) = 0, Sy, € Pp_p_1(C",mp(N)) is well defined for any
u € RSP(C™,N) (see Definition 2.8). We proceed as before by general-
izing the concept of connections:

DEFINITION 4.1.  We say that T € F,_,(C",mp(NN)) is a connection for
u € RGP(IC*, N) If 0T =S,
We write

s
N'={J&m,

=1

where
gf : B! —>Nil :z{f(Bl), i=1,...,8,
are diffeomorphisms and each two Nil are rather disjoint or intersecting on
a lower dimensional face in N'~1.
Now let w € Ni x -+ x N., w= (wy,...,wy) be such that w; ¢ N'~1.
Define
Pl N\ {wy, ..., ws} — N1

as follows:

) = { SO0 e MWLy

Puw Y otherwise,
where p is the projection defined in definition 2.9.
LEMMA 4.1. Let p+1 <1<k, then

(i) p, is well defined and locally lipschitz on N\{wi,...,ws}.
(ii) For any p-dimensional cycle G' C N\{wi,...,ws,} we have
G5ty = X' [PL ()] i1y (4.3)
where
X' (N — 7 (NY
l

is the homomorphism induced by the injection map i; : N'=' — N,
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(iii) For any w' € N,

/ ‘pr(w')‘pdw < C(p,lye) < +00, (4.4)
N} _x-x N

SlE

Whereforlgzgsland0<5<1,

N} =¢€(BY0,1-¢)). O
REMARK 4.1. Since N is (p— 1)-connected, m,(N) = Hp(N,Z) (Hurewicz
theorem). So the homotopy class of p-cycles in N is well defined.

Proof. Using (2.5), the lemma is proved as for Lemma 3.1. o

Now let us estimate the integral

= /N{ o /H‘V(pwou)(xﬂpda:dw. (4.5)

S1,€

for u € WHP(C™, NY), for p < I. By (4.4) we have

J</ / Vpw(u(@))||Vu(z)|dw dx
m N xxNL o

< Cp.le) / Vul?.
Cn

As aresult, by considering (4.5), there is some positive measure set W C N!

= N{’E - X Nil . C R*t for which
C(p,l,e)
/cn |V(pw o u)‘p < Hisi (D) / [VulP, YweW. (4.6)

LEMMA 4.2. Let [ > p and u' € RE°(C", NY) for some wy € N'=1. Then
there is a map u!~! : C" — N'=1 and C > 0, independent of u!, such that
(i) ul=! € REP(C, N1);
(i) o [0 < C J (V0P
(111) Sy = Xi(sulfl);
where X! : m,(N'=1) — m,(N'!) is the homomorphism induced by the injec-
tion map i; : N'=1 — N, O

Proof. Let us fix 0 < e < 1 and consider the set W C N! as in (4.6). Also
we fix €1, €9, €3 > 0 and 0 < § < 471 such that

% <K2 /Val IVul|P + 6K ey + 51> teg< /Cn VP, (47)
where K,§ and 0; satisfy (2.3). For almost all w = (wy,...,ws) € W,
w;’s are regular values for ul\cn\v(s and u!|5ys, which are smooth on their
domains. Using (2.3) and by the co-area formula we obtain that for almost
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all w € W, (ub)~H(w;) N (C"\V?) is a finite mass smooth submanifold of
C™\V?, of dimension n — [, while its boundary is also a finite mass subman-
ifold of OV?, of dimension n — I — 1. We fix such w and we observe that
for all ¢ > 0, there is f.,, some lipschitz diffeomorphism of C", such that
fer is the identity map except on a small neighborhood of Uf’zl(ul)_l(wi),
and we have

fa(VO)=V0,  fa(dV°) =aV?,

(ul o fo)~H(w;) N (C™\V?) is a polyhedral (n—I)-submanifold of C™\V?
(ul o fo)~(w;) N (OV?) is a polyhedral (n — [ — 1)-submanifold of 9V,
Jon |Vl o for) = Vub)|? < €,

s [Vl 0 o) = Vull? < &,

(4.8)
Let ¢ = min{ey, g2} and denote v' := (u! o f.)5. Using (2.3) and (4.8)
we get

lip _ lO NP lO NP
[t = [ ete gl + [ 96 1)

< 6K |V(ulof5/)p—|—/ VP 4 1
ovs eV

§6K52+6K/ |Vul|p+/ |Vul|P + e
ove cn\Vve

(4.9)

< |Vl P + <5K62+61—|—K2/ |Vul|p>.
cn V61

We observe that v! is continuous on C™\ B and since f.: is a diffeomorphism,
it has the same homotopic singularity as u! on components of B. Now by
(4.6) we have
A4 C(lvp ) 5) lip
. !V(pw ov )! < HIT(NQ /cn [Vo'|P. (4.10)
So as a result v!~! ;= p, ool € WJ,}?(C", N'=1). Observe that by construc-
tion '~ is locally lipschitz away from

St
St = (! o f); (wi) UB.
i=1
Moreover by (4.8), (u! o fo)5'(w;) is a finite union of (n — I)-dimensional
polyhedra supported in C™. Thus, since n — < n —p— 1, we can find some
ul=t € RayP(C™, N'=1) such that u!~! has the same topological singularities

as v'~1, and
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/ (V! ™t — Vol 7P < 3.
CTL
This fact, combined with (4.7), (4.9) and (4.10) yields:

_ (I,p,e
- IVu! P < (stl NY) +1>/ [Vu'|P .

We have proved so far parts (i) and (ii) of Lemma 4.2. Part (iii) is a
direct consequence of (4.3) and the construction of u!~!, using the same
argument as in proof of Proposition 3.1 (see (3.12)). o

LEMMA 4.3. Let N be a (p—1)-connected smooth compact manifold. Let
u € Ry P(C™, NP) such that ¢ is constant. Then there exists polyhedral
chain T € P,,_,(C", mp(NP)) such that

oT =8,
(4.11)
M(T) < Cfc" [VulP
for some constant C > 0 independent of u. O

Proof. As we observed above, NP is (p — 1)-connected too and it is finitely
generated. Let gi,...,g3 be its generators. By ([GrM, Corollary 3.5,
P. 38]), we observe that there are smooth maps p; : NP — SP i =1,...,0,
such that

[Pi(9)]r,(s7) = i([Glr,(nr)) for any p—cycle G C N, (4.12)

where, for every a € m,(NP),

5
a=> aia)g
i=1

is its unique decomposition. Meanwhile, for every u € Rg P (C", NP), p;ou
is in R"P(C™, SP). Since ¢ is constant, by [ABL] and the approximation
theorem 5.6 in [F1], there is T; € P,,_,(C",Z) such that

oT; = Sp-ou
i ) (4.13)
M(T;) < C; [on |[Vu(pi o u)|

where C; > 0 is independent of u. (See also [P1] for detailed discussion
for S?).
Now consider the one-to-one group homomorphism x! : Z — p(NP),
i=1,...,03, defined by x*(n) = ng; . Observe that we have
B
> ri(ai(a) =a Vaem(NP),
i=1
which combined with (4.12) gives
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Moreover, k' satisfies
M(x(T)) < CM(T),
for some constant C/ independent of 7. We set

s
T:=)» wl(T).
=1

So T is a polyhedral m,(N?)-chain, of dimension n—p and supported in C".
Using Lemma 2.2 and (4.13) we obtain

B
oT = Z :‘ii (Spiou) = Su
=1

and 5 5
M(T) £ 3 CMIT) < 3 CiC | [Vipow)”,
i=1 i=1 cr
This completes the proof since the p; are smooth. O

Using the above stated lemmas, we prove the following important result:

PRrOPOSITION 4.1. For any integer p, 2 < p < k, let N be a k-dimensional
(p—1)-connected compact smooth manifold. Let C"™ be the unit cube in R™.
Then for u € Ry"P(C", N), there is T € Py,_,(C", m,(N)) such that

oT =8,
(4.14)
M(T) <C [|Vulp +C
for some constant C' > 0 independent of u. O

COROLLARY 4.1. For any u € Ry "P(C™, N), there is a minimal connection
T, € Fr—p(C", m,(N)) which satisties

M(T,) < C/|W\p+c.

(See Corollary 3.1). o
Proof of Proposition 4.1. It is sufficient to prove the proposition for
p = wy € NP, constant. Using the same method as in the proof of

Proposition 3.1, combined with the approximation Theorem 5.6 in [Fl],
the proof is generalized for any smooth boundary data.
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Write N* = N and u* = u. Using Lemma 4.2 successively we obtain a
map uP € Ruy? (C", NP), which satisfies
{ Jon [VuPP < Cy [ [Vul?
X+ (Sur) = Sy
where x : m,(N?) — 7,(N) is the natural homomorphism and C is inde-

pendent of u. We apply Lemma 4.3 to u? and get some T),eP,,_,(C",m,(NP))
such that

(4.15)

M(T,) < 02/ VPP
CTL

and

OT, = Su .
Combining with (4.15) and applying Lemma 2.2, using (4.1), we observe
that T := x.(T)) satisfies (4.14). o

5 Removing the Singularities Using Finite Energy

In the section, we prove that we can remove the singularities of a map
u € Ry P(C™, N) by modifying it along one of its polyhedral connections
and using an energy almost proportional to the mass of the connection.
The idea first appeared in [B2] for H'(B3,52). Our proof uses a different
approach since the situation is technically more involved. Note that we use
the same norm defined for 7,(V) as in section 4 and the method may not
work for non-equivalent norms. This is the exact statement of what we
prove in this section:

PropPOSITION 5.1. Let p > 1 be an integer and let N be a k-dimensional
simply connected closed manifold. Assume that m,(N) is finitely generated.
IfT € Py—p(C™, my(N)) is a connection for u € Ry "P(C", N), there are maps
upy, € CF(C", N) such that

(5.1)

{um Eu as m— oo

fC" [V, |P < fC" |[VulP + CM(T) 4+ O (%)

for C > 0 independent of u. The same result holds when p =1 if m(N) is

abelian. O
First we prove two lemmas necessary for the proof of this proposition.

LeEMMA 5.1.  For every g € my(N), there exists an open covering of N,
{U7,...,Us,}, and smooth maps

R oY g -
wg,;: B ><Uj—>N, Jj=1...,vg,
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such that
Wi (- lomr.y) =y VyeN
[Wgyj( . 79)]%(1\7) =g Vye N (5.2)
Jao [Vawgi (- y)[fde < Clg| VyeN
[Vwg,jloo < Cy
where C' > 0 is independent of g and j. O

Proof. Let hy,...,h, be the generators of m,(/N). Since N is compact we
can find a finite open covering of N, {Uy,...,U,}, and smooth maps

wi’jZBpXUjHN
such that for all 4,7 and all y € N we have
wij(-loBr y) =y
[wi,j( . 7y)] 7p(N) = h;.
Now we write g € m,(N) in its minimal length decomposition

g:h21++hzs’

X

woay) = i, <x (- ”W”ﬁ) i

where y, ==y € Uj, and for p=1,...,5 -1,

Yp = wip+1,jp+1(0’ yP+1) € Ujp :
Observe that by slightly modifying wg, : B? — N, we can assume that it
is smooth on its domain. Moreover it will satisfy

wyyloBr =y

l:wgvy]ﬂ'p(N) = g

pr [Vwg P < Cs = Clg|
for C' > 0 independent of g and y. Another observation shows that w,,
depends smoothly on y in small neighborhoods. Since IV is compact, we can
find a finite open covering for it, {U{,..., U, }, such that for j =1,... v,

wg,j(T,y) == wgy(x), if ye Ujg

satisfy (5.2). o

LEMMA 5.2. Let u € R3*?(C",N) and ¥ C C™ be an oriented polyhedral
of dimension n — p such that w is continuous on Y except probably on its
boundary. Then for every g € m,(N), there is a sequence u,, € Wé’p(C", N)
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and C > 0 independent of g and u such that

Up =u on C"\K,,

|Km| — 0 as m — oo (5.4)

Jen IVumlP < Jou [VulP + ClgllZ] + 5
and

Sun = Su — g[[0%]]. H

Proof. We identify R™ with R”7P x RP with variables X € R"7P Y € RP.
Without loss of generality we can assume that 3 lies in the plane R" P x {0}.
We divide ¥ in polyhedra of equal dimension

vg i
s U
j=1li=1
such that u(E;) C U} for all 4, j. We choose B as in section 2.2 such that
vg ij
UUo=icn
j=li=1
and we replace u by wugs, for d; small enough (see Definition 2.5). This
doesn’t much change the energy of u and Sué1 = S,, so it is sufficient to
prove the lemma for u = us,. Since u is radial, we have for some constant

Cl>0

|Vu(z)| < Cy if 2 € C"\Vy,, |Vu(z)| < ifxeVs . (5.5)

_ G
lz — B
We set for n < 6 <61 and (X,Y) € C"\ Vs
u(X,Y) if (X,0)¢X orif |Y|>n
VXY ) = S u(X,2Y —npq) i (X, 0)€X and <|Y] <1 (5.6)
wgJ(%Y,u(X, 0)) if (X,0)e UL, ¥} and |Y[<].

We set
o= {(X,Y); (X,0) €3, [Y] < n}.

and we observe that vol(dV% N X7) = O(nP). Using (2.2), (2.3) and (5.5)

we get
C,Co

P
/ V("7 0 hg) — Vul” < 0K ( + cl> < 0(9)
Vs AVsNEn n
for Cy > 0 independent of §. Moreover for fixed § we have
C,C: P
L wen-vur <cplisi+ [ (92 40)
C\ Vs n )

< Clgl[%]+O(n).
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As a result, by choosing successively suitable 0 and 7, u,, := (1)5”7)5 will
satisfy (5.4). Moreover we have
If necessary, we get the good sign by replacing g by —g above. O

Proof of Proposition 5.1. We write

0
T= Yl

Put u) := u and for i = 1,...,0, let u’, be the m-th element of the
sequence obtained by applying Lemma 5.2 to ué> ! for ¥, g;. We get

ue—S Zgz 82
:Su—aT:O,

and we observe that uf, satisfy (5.1). Pay attention that Sue = 0 means
that u?,, restricted to almost every small enough p-cycle in C", is homotopic
to constant in V. Using this and referring to [B1, proof of Theorem 1],
we can strongly approximate u!, by smooth maps in C'OO(C" N). This
completes the proof. O

6 Proof of Theorems II, III and IV

Theorem II is proved using the same arguments as for W1H1+¢(C2, RP?), re-
garding the fact that we have developed the necessary tools above. Observe
that the equality

mi(S) = m,(S)

holds true for any integral flat chain S in R™ if and only if S is of dimension 0
or codimension 2 in R" (see [F2]). Thus our method cannot be used for [p]
taking a value other than 1 or n — 1.

Considering Propositions 4.1 and 5.1, Theorem 111 is proved the same as
in section 3.4. The only difference is that since p > 1, a bounded sequence
in Wé’p (C™, N) has a weakly convergent subsequence.

Propositions 4.1 and 5.1 hold for p = 1, abelian 71 (N), thus Theorem IV
is proved with the same method.
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7 Global Singularities and Inverse Images

In this section we will prove Theorem I. That is, we will prove that if M
is a smooth simply connected compact manifolds, then smooth maps are
sequentially sense in W2(M, N) for any smooth closed manifold N.

The idea is essentially the same as in previous sections. We will not
repeat some technical details in order to concentrate on the main difference
between local and global singularity cases. Also we assume that M is closed.
The theorem can be proved by slight modifications as exposed in previous
cases for the general situation.

As before, we define R>>(M, N) to be the space of maps which are
smooth except on a finite union of k-dimensional submanifolds of M for k <
n —3 (n=dimM). R?>*°(M, N) is strongly dense in W12(M, N) (see [B1]
and [Hal2]), and any map u € W12(M, N) can be strongly approximated
by a sequence of maps in R*»>(M, N). Then the theorem is reduced to
prove that any map in R>°°(M, N) can be approximated weakly by smooth
maps with equibounded energy.

Naturally we can define S,, the local topological singularity of any
map u € R>*(M, N) using the homotopy class of u around its (n — 3)-
dimensional singularities. By methods described above, we can approxi-
mate u by a sequence of equibounded maps u,, € R*>*(M, N) for which
Su,, = 0. But the condition S,,,, = 0 would not be sufficient for approxi-
mating this map by smooth maps in the strong topology. We have described
this situation in our introduction, regarding an example given by F. Hang
and F.H. Lin [HaL1].

We approximate u € R*>(M, N) with equibounded maps which satisfy
a stronger condition. This condition, introduced in [HaL2] by the authors,
is the necessary and sufficient condition for a map in R?>*°(M, N) to be
strongly approximable by smooth maps: Indeed, if for u € R**(M, N),
u|pr2 is extendable to a smooth map @ : M — N for every “generic”
2-skeleton M? of M, then u can be approximated by smooth maps in
WH2(M, N) (see [HaL2, Theorem 6.2]). So for proving the theorem it
suffices to prove the following lemma:

DEFINITION 7.1. u € R*%(M, N) satisfies the 2-skeleton condition if and
only if u|y,2 is extendable to a smooth map @ : M — N for every “generic”

2-skeleton M? of M.

LEMMA 7.1.  Any u € R?>*(M,N) can be approximated in L? by a
sequence of maps u,, € R*»>(M, N) such that the u,, satisfy the 2-skeleton
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condition and that for C' > 0 independent of u we have

/ (V2 gc/ IVl 0
M M

Proof. Let us fix some notation. Let N? be the 2-skeleton of N for some
cubization. Also let P : N — N? be the projection obtained by mapping
inductively N' on N*~! by the method described in section 4, i.e.

P phyo ok,
where piul is the map defined in (4.2). By choosing suitable w' we can be
sure that for some constant C' > 0 independent of u we have

/ Va2? < c/ Vul?,
M M

where u? := P o u. We consider also the onto group homomorphism x>* :
ma(N?) — mo(N) which we will refer to simply by x. So as in Lemma 4.1
we have

X([P(9)my(v2)) = [Glravy » (7.1)
for any 2-cycle G in N.

Now as in Lemma 4.3 we observe that N? is simply connected too and
that m2(N?) is finitely generated. Let g1, ..., gs be its generators. By [GrM,
Corollary 3.5, P. 38], we observe that there are smooth maps p; : N2 — S2,
i=1,...,0, such that

[pi(g)]m(SQ) = ai([g]m(]\,z)) for any 2 — cycle G C N2, (7.2)
where, for every a € mo(N?),

B
a = Z a;i(a)gi
i=1

is its unique decomposition. Meanwhile, for every u € R°2(M, N?), p;ou
is in R°>2(M,S?). By using the co-area formula as in [ABL] we obtain
that there are points y; € S?, i = 1,...,3, for which the inverse image
T; == (piou®)~1(y;) is a smooth (n — 2)-dimensional submanifold of M and
that
Hom) <c [ vief
M

for some constant C > 0 independent of the choice of u. We orient the T;
using the standard orientation frame on S2.

We now construct the maps w,, which satisfy the conditions of the
lemma. Using the same methods as in Lemma 5.2, we modify u along the
inverse images 7T; in their J-neighborhoods by introducing in 2-dimensional
topological disks orthogonal to T; in M new maps generating x(g;). We
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can do this by using a controlled amount of energy since the volume of each
T; is controlled by the energy of v and the energy necessary for realizing
the x(¢;), i = 1,...,0, as a cycle, based on any point of N, is uniformly
bounded (see Lemma 5.1). So by tending 0 to zero we obtain a sequence
of maps u,, € R»>*(M, N), converging in L? to u. We should prove that
the u,, satisfy the 2-skeleton condition to prove the lemma.
By (7.1) and (7.2), we obtain, for any generic 2-cycle G in M,
B
[pioPo um(g)]M(SQ) = [pio u2(g)]m(52) + anai(kj) ,
j=1
where n; is the topological intersection number between G and 7T} in M and
x(k;) = x(g;). Observe that as u,, is in R**°(M, N), it is smooth on any
generic 2-cycle G C M or on any generic 2-skeleton M? of M. Meanwhile
another simple topological observation shows that

(i 0 uX(9)] 52y = 7 -

Combining these facts with (7.1) and (7.2), and by changing, if necessary,
the orientation of our modifying maps in the transversal disks, we obtain,
for any generic 2-cycle in M,

B
[“m(g)]m(m = X( .

B &)
=) <nz - ZW@M%))X(%)
i=1 =1
B 8 B
= anX(kz) - Z Zn]az(kj)X(gz)
i=1 =1 j—1
B B B B
= an Za](kz)X(gj) - Z anaz(kj)X(gz) =0
1=1 j=1 i=1 j=1

As a result, for any generic 2-skeleton M?2 of M, (up|p2)« : mo(M?) —
mo(N), the induced group homomorphism of u on the second homotopy
groups of M? and N is the trivial map. Meanwhile 71 (M) = 0, so M? is
of the same homotopy type of a bouquet of spheres. Consequently, |2
is homotopic to a constant in IN. So it can be extended to a smooth map
from M into N. The u,, satisfy the 2-skeleton condition: This completes
the proof of the lemma and consequently that of the Theorem I for the case
T (N) = 0.
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Now let N be any closed manifold for which 71(N) # 0. Trying to
adapt the method used for proving the theorem for the simply connected
case, the main problem to overcome is that in this case N? may not be
of the same homotopy type as a bouquet of spheres. Another problem is
that m2(N?) may be infinitely generated, which gives us some problems in
controlling the energy of the modified maps.

For overcoming these problems we should use an approach different
from that of CW-complexes. That is, in place of a cubization of N, we will
consider this time its handle decomposition in the increasing index order.
The readers can refer to [GoS] for detailed information on handles. Briefly,
a handle of index i is a copy of D* x D¥~% attached to the boundary of a
k-manifold X along dD* x D¥~% by an embedding ¢ : 9D x D*~* — 9X.
Note that attaching an i-handle is equivalent to attaching an i-cell up to
homotopy as we can think of an i-handle as an i-cell thickened up to be
k-dimensional. We refer to this i-cell as the core of the handle. By a handle
decomposition of N we mean an identification of N with a smooth manifold
obtained from the empty set by attaching handles. There is always a handle
decomposition of the closed smooth manifold N so that the handles are
attached in order of increasing index, where the handles of the same index
can be attached in any order (see [GoS, Proposition 4.2.7]). From now
on, by N!, we refer to the smooth k-manifold (probably with boundary)
obtained after attaching the [-handles in the handle decomposition of N.
The N'! will play the same role here as the I-skeleton of N in the previous
parts of this paper, which we had similarly referred to by N'.

We consider the smooth Riemannian manifold N , the universal covering
of N, and the corresponding fibration F' : N — N. We assume that NV is
equipped with the pullback metric under F' and is embedded isometricly
in some RN such that F is a local isometry. We consider N? as defined
in the last paragraph and again we observe that 71 (N) = 71(N?) and for
2 <l < k, the homomorphisms

x> m(N?) — m(NY),

induced by the injection maps is; : N2 — N, are onto (see [GoS, p.111]).
Set
N2:=F}(N?).

Since 71 (N?) = 71 (N) and using the homotopy theory, we deduce that N?
is the universal covering of N? as a smooth k-manifold and that F| & is
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the corresponding fibration. Observe that this diagram is commutative:
~2.k

m(N2) X5 my(N)
|Flz). | (7.3)

X2,k‘
m(N?)  “— m(N)

where Y2 : N2 = N is induced by the injection map flk . N2 — N and is
onto. Also

F, :m(N) — m3(N) and (Fl5)« Fg(]/\\[—é) — my(N?)

are isomorphisms. Thus, since 1 (N2) = 7 (N) = 0, using ([GrM, Corol-
lary 3.5, P.38]) we obtain that N2, when deformed smoothly into its 2-
dimensional core, is of the homotopy type of a probably infinite bouquet of
spheres.

Any u € R%®(M, N) can be lifted to a map @ : M — N as m (M\Z(u))
= 0. (Remember that 71 (M) = 0 and that 3(u) is of codimension 3 in M).
Since F is a local isometry, we get that 4 € R*>*°(M, N) and that

/M |Va|* = /M |Vul?. (7.4)

Let u € WY3(M,N) and u,, € R*>*°(M,N) a sequence converging
strongly to u. Using the same method as in Proposition 4.1 we can prove

the existence of some constant C' > 0 independent of u,,, and maps
u2, € R*>*(M, N?) such that

/|w@ﬁgc/|wmﬂ (75)
M M

In fact, here we define the projections p' : N' — N'~! using the handle
decomposition of N. p! : N' — N'~1 is defined by tearing up the I-handles
attached to N'~! on some k — [ dimensional disk transversal to their cores
and projecting the handle on its boundary lying in ON'~!. Since the di-
mension of the core is greater than 2 for [ > 2, by an average type argument
as in the proof of Proposition 4.1, we can be sure that for a suitable choice
of the tearing point in the core,

/ |Vpl oul‘Q < Cl/ |Vul\2
M M

k I+1 4

when ¥ = u, vl = p ut! are defined by induction and the C! are
independent of the choice of u € R>*(M, N).
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Now consider the liftings @2, € R2’°°(M,]’\72). We observe that N2 is
simply connected. Let {g;; i € N} be the generators of 7'('2(]/\\[3). Recall that
71(N) acts on N? and the action is isometric and transitive. We show this
action by the function h(-) for h € m1(N). Then h, : 772(]?7/2) — 712(]?7/2) is
the induced isomorphism corresponding to the action of A on N2.

LEMMA 7.2.  There is a finite subset, {g1,...,9s}, of the generators of
772(]’\\[/2) such that for any generator g; of 712(]’\72), there exists h € w1 (N)

and 1 < j < s such that g; = hy(g;). Moreover there are smooth maps
pi: N> = 82, i=1¢€N, such that

[pz‘(g)]m(sg) = ai([g]m(ﬁ)) for any 2 — cycle G C N?, (7.6)

where, for every a € 712(]?7/2),

o0
a = Z a;i(a)gi
i=1

is its unique decomposition. Meanwhile, for every v € 72"0’2(M7 ]Tf/?), p;ov
is in R°*2(M, S?). In fact we have

Z/M [V (piow)|? < C/M Vol (7.7)
=1

for some C' > 0 independent of v. Also if g; = hy(g;) for h € m(N), then
pj =Dpioh. O

Proof. This lemma is deduced from the fact that N?2 is the universal cov-
ering of N2 which is compact and has a finite handle body decomposition.
By retracting the handles onto their cores in increasing index order, we
observe that N? can be retracted smoothly onto a bouquet of smooth man-
ifolds N2 = \/i_, Si, where the S; are either versions of S or compact
surfaces. Therefore, N2 is a basic bouquet of compact surfaces, NZ, for
which 7o (/\/'02 ) = 0, to which we have attached a finite number of topologi-
cal S?’s or RP?’s which we rename to Si,...,Ss. Observe that the inverse
image of any point in A2 under the retraction map is simply-connected.
Consequently, N2 can be retracted smoothly onto N 2 a universal cover-
ing for A2, which contains a union of infinitely many disjoint topological
spheres Siz,z' € N, relied by a simply-connected skeleton to each other such
that the intersection of each SZ2 with the skeleton is a set of isolated points.
As an example if N2 is S' Vv S?, then N2 would be a countable number
of spheres attached to a line. Observe that there is a natural one-to-one
correspondence between the g;, the generators of o (Kf 2) and the SZZ. Also
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for any i € N, there exists 1 < j < s such that F(S?) = S;, where F is
the covering map. Thus if g; = h.(g;) for h € m(N), then S? = h(SJZ).
We define p; to be the identity map on S? and to map N 2\S2 to the cor-
responding fixed points in SZ. Also for 1 < j < s, let Dj : N? — S; be
the natural projections of the bouquet N2 onto its components. If S; is
a sphere, then ]59 is defined to be the conjugation of p; o ' with a fixed
diffeomorphism of S; into S2. If S; is a projective space, we should first lift
pj o F' to the universal covering of S; = RP? which would be a topological
sphere. We put -
pi =1 opi: N? — 2

for when F(S?) = S;. Observe that if g; = h.(g;), then p; = p; o h. Since
N?2 is a deformation retract of N2 which is a lifting of a deformation retract
of N? onto N2, we can extend the p; and the 13;- onto N2 by conserving
the same properties. The lemma is a straightforward consequence of this
construction. O

PROPOSITION 7.1. For i € N, there is y; € S?, the image of a unique
point y; € 522 under p;, and a regular value for any p; o u,,, such that if
pj =pioh for h € m(N), then y; = y;. Moreover for a subsequence of uy,

the inverse image T/™ := (p; o 42,) " *(y;) is a smooth (n — 2)-dimensional
submanifold of M and

o

S <c [ Vil o

i=1 M
for C' > 0 independent of m. O

Proof. By using the co-area formula as in [ABL] we obtain

> intge M2 ((F) 0 i) T () dy < 0/ Va2, |2 < 0/ |Vul> +C'.
= M M
Thus, by Fatou’s lemma

/ lim inf 'H"72((}5;- otz,) Hy))dy < C’/ |Vu|> +C'.
92 m_’+00j:1 M

As a result, the subset
= 1
SQ. liminf n—2((~ o ~2\—1 < C/ v 2 C
{ye %gg;;?i (7 0 i)™ (W) < o | [Vul+

is of positive measure in S2. This, combined with Sard’s theorem yields that

there are points y; € S? for which the inverse images ij = (7} o) L(y;)



Vol. 13, 2003 DENSITY OF SMOOTH MAPS 255

are smooth (n — 2)-dimensional submanifold of M and that

SHEm <0 [ Vil +o
M

j=1

for some constant C' > 0 independent of the choice of m. For i € N
let y; = y; if F(S?) = S;. Note that (ﬁ;)_l(yj) is the disjoint union of
the p; *(y;) over all the i satisfying F(S?) = S;. Thus the y; satisfy the
conditions of the proposition. o

We orient the T/ using the standard orientation frame on S%. Now
observe that u,(T!,) C B; := (p; o P)~(y;) which is a smooth compactly
supported submanifold of N. We are to construct the maps ¥,, which
will satisfy the 2-skeleton condition with respect to M and N. Using the
same methods as in Lemma 5.2, we modify 4,, along the inverse images
T/ in their d-neighborhoods by introducing in 2-dimensional topological
disks orthogonal to 7" in M new maps generating X>*(g;). We can do
this by using a controlled amount of energy since the sum of the volumes
of the T/™ is controlled by the energy of u and the energy necessary for
realizing the XQ’k(gi), as a cycle, based on a point in B;, is uniformly
bounded independent of 7. In fact, by Lemma 7.2 and Proposition 7.1, for
every i, there exists h € m(N) and 1 < j < s such that g; = h.(g;) and
B; = h(Bj). However the action of h on N is isometric, so to control the
energy necessary to generate Y>*(g;) along T it suffices for us to control
the energy necessary to generate )?2’]“(9]-), for j =1,...,s, based on points
in B;. This is possible as the B; are compactly supported in N. By tending
§ to zero we obtain a sequence of equibounded maps ©,, € R°2(M, N ),
converging in L? to @. As in the simply connected case we can prove
that o, € R»*(M, N) satisfy the 2-skeleton condition with respect to M
and N. As a result, F o @, € R%®(M, N) will satisfy the same condition
with respect to M and N. This completes the proof of the theorem. O
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